
RANDOM  TOPICS
stochastic gradient descent

&
Monte Carlo
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MASSIVE MODEL FITTING

minimize
1

2
kAx� bk2 =

X

i

1

2
(aix� bi)

2

least squares

minimize
1

2
kwk2 + h(LDw) =

1

2
kwk2 +

X

i

h(lidiw)

SVM

low-rank factorization

Big!
(over 100K)

minimize f(x) =
1

n

nX

i=1

fi(x)

minimize
1

2
kD �XY k2 =

X

ij

1

2
(dij � xiyj)

2

2



THE BIG IDEA

True gradient

⌦ ⇢ [1, N ]

Idea: choose a subset of the data

usually just 
one sample

minimize f(x) =
1

n

nX

i=1

fi(x)

rf =
1

n

nX

i=1

rfi(x)

rf ⇡ g⌦ =
1

|⌦|
X

i2⌦

rfi(x)
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INFINITE SAMPLE VS FINITE 
SAMPLE

minimize f(x) = Es[fs(x)] =

Z

s
fs(x)p(s)ds

minimize f(x) =
1

n

nX

i=1

fi(x)

We can solve finite sample problem to high accuracy….

…but true accuracy is limited by sample size 

finite sample

infinite sample
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SGD

big error
solution improves

compute gradientselect 
data

update

gk =
1

M

MX

i=1

rf(x, di)gk ⇡ rf(x, d8)gk ⇡ rf(x, d12)

small error
solutions gets worse

xk+1 = xk � ⌧kg
k
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SGD
compute gradientselect 

data
update

gk ⇡ rf(x, d8) xk+1 = xk � ⌧kg
k

Error must decrease 
as we approach solution

lim
k!1

⌧k = 0

classical solution

O(1/
p
k)

shrink stepsize slow convergence

Variance reduction
Correct error in gradient approximations6



EXAMPLE: WITHOUT DECREASING STEPSIZE

minimize
1

2
kAx� bk2

inexact gradient
why does this happen?

what's 
happening?
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DECREASING STEP SIZE
big stepsize

small stepsize

⌧k =
a

b+ k

used for 
strongly convex problems

xk+1 = xk � ⌧krfk(x)

(almost) equivalent to
choose larger sample

why?
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AVERAGING

averaging

xk+1 = xk � ⌧krfk(x)

⌧k =
ap
k + b

x̄k+1 =
1

k + 1

X
xi

“ergodic” averaging

used for 
weakly convex problems

x̄

does this limit convergence rate?

why is this bad?
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AVERAGING

x̄k+1 =
1

k + 1

X
xi

ergodic averaging

averaging

x̄

x̄k+1 =
k

k + 1
x̄k +

1

k + 1
xk+1

compute without storage

x̄k+1 =
k

k + ⌘
x̄k +

⌘

k + ⌘
xk+1

short memory version

⌘ � 1

tradeoff variance for bias 10



KNOWN RATES: WEAKLY 
CONVEX

Theorem
Suppose f is convex, krf(x)k  G, and that the diameter
of dom(f) is less than D. If we use the stepsize

⌧k =
cp
k
,

then

See
Shamir and Zhang, ICML ’13

Rakhlin, Shamir, Sridharan, CoRR ‘11

E[f(x̄k)� f?] 
✓
D2

c
+ cG

◆
2 + log(k)p

k
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KNOWN RATES: 
STRONGLY CONVEX

Theorem

Shamir and Zhang, ICML ’13

E[f(x̄k)� f?]  58(1 + ⌘/k)

✓
⌘(⌘ + 1) +

(⌘ + .5)3(1 + log k)

k

◆
G2

mk

x̄k+1 =
k

k + ⌘
x̄k +

⌘

k + ⌘
xk+1

Suppose f is strongly convex with parameter m, and that
krf(x)k  G. If you use stepsize ⌧k = 1/mk, and the limited
memory averaging

with ⌘ � 1, then
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EXAMPLE:  SVM
PEGASOS:  Primal Estimated sub-GrAdient SOlver for SVM

rh(x) =

(
�1, x < 1

0, otherwise

note:  this is a “subgradient” 
descent method 

minimize
1

2
kwk2 + Ch(Aw)
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PEGOSOS
PEGASOS:  Primal Estimated sub-GrAdient SOlver for SVM

⌧k =
1

�k

minimize
X

i

�

2
kwk2 + h(aiw)

While “not converged”:

not used in practiceŵk+1 =
1

k + 1

k+1X

i=1

wk

If aTkw
k < 1 : wk+1 = wk � ⌧k(�wk � aTi )

If aTkw
k � 1 : wk+1 = wk � ⌧k�wk
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PEGOSOS

gradient
method

stochastic
methods

finite sample method

15



PEGOSOS

gradient
method

stochastic
methods

classification error (CV)

You hope to converge before SGD gets slow!16



ALLREDUCE
but if you don’t…

use SGD as warm start for iterative method

Agarwal. “Effective Terascale Linear Learning.”  ‘12
17



SGD
compute gradientselect 

data
update

gk ⇡ rf(x, d8) xk+1 = xk � ⌧kg
k

Error must decrease 
as we approach solution

variance reduction solution
make gradient more accurate

preserve fast convergence
18



SGD+VARIANCE REDUCTION
compute gradient update

gk ⇡ rf(x, d8) xk+1 = xk � ⌧kg
k

Error must decrease 
as we approach solution

variance reduction solution
make gradient more accurate

preserve fast convergence

� error8

select 
data

19



VR APPROACHES

Central VR
A VR approach targeting distributed ML

SAGA
Defazio, Bach, Lacoste-Julian, 2014

SVRG
Johnson, Zhang, 2013

SAG
Le Roux, Schmidt, Bach, 2013

many more…

 “Efficient Distributed SGD with Variance Reduction,”  ICDM 2016

shameless 
self-promotion

The original:  requires full gradient computations

Avoid full gradient computations

20



SVRG

rf1(x
1
m)

rf2(x
2
m)

rfn(x
n
m)

...

rfn�1(x
n�1
m )

First epoch gradient tableau 

rf3(x
3
m)

21



rf1(x
1
m)

rf2(x
2
m)

rfn(x
n
m)

...

rfn�1(x
n�1
m )
} gm =

1

n

nX

i=1

rfi(x
i
m)

Average gradient
over last epoch rf3(x

3
m)

gradient tableau 

SVRG
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rf1(x
1
m)

rf2(x
2
m)

rfn(x
n
m)

...

rfn�1(x
n�1
m )

gm =
1

n

nX

i=1

rfi(x
i
m)

Average gradient
over last epoch 

rf3(x
3
m)

(rf3(x
3
m)� ḡm)�

corrected gradient}
error

rf3(x
3
m+1)

new gradient

gradient tableau 

SVRG

23



SVRG GETS BACK 
DETERMINISTIC RATES

Theorem

Johnson and Zhang, 2013

Suppose of objective terms are m strongly
convex with L Lipschitz gradients. If the
learning rate is small enough, then

<latexit sha1_base64="HTGAliInHfDxWKYbVWtacL71/ok="></latexit>

Ef(wk)� f?  ck[f(w0)� f?]
<latexit sha1_base64="FkMPZaQmJTfxjKaog3LujK0S4+U="></latexit>

for some c < 1.
<latexit sha1_base64="7i+9y8tRinww0pMsrhRs+pZ9DCo=">AAACD3icbVC9TgJBGNzDP8QfTi1tNoKJFbnDQgsLoo0lJvKTACF7y3ewYW/3srtnQggPYW2rz2BnbH0EH8G3cA+uEHCqycx8+SYTxJxp43nfTm5jc2t7J79b2Ns/OCy6R8dNLRNFoUEll6odEA2cCWgYZji0YwUkCji0gvFd6reeQGkmxaOZxNCLyFCwkFFirNR3i6FUWMsIcJne+JVy3y15FW8OvE78jJRQhnrf/ekOJE0iEIZyonXH92LTmxJlGOUwK3QTDTGhYzKEjqWCRKB703nxGT63ygCnFUIpDJ6rfy+mJNJ6EgU2GREz0qteKv7ndRITXvemTMSJAUEXj8KEYyNxugIeMAXU8IklhCpmu2I6IopQY7cqFJb+CEYhtNbMbuOvLrFOmtWKf1mpPlRLtdtspTw6RWfoAvnoCtXQPaqjBqIoQS/oFb05z8678+F8LqI5J7s5QUtwvn4BB86bCg==</latexit>
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MONTO CARLO METHODS

Monte Carlo casino

Methods that involve randomly sampling a distribution

Monaco?
25



BAYESIAN LEARNING

ingredients…
prior

likelihood

estimate parameters in a model

probability distribution 
of unknown parameters

data = M(parameters)
estimate

these
measure

these

probability of data
given (unknown) parameters Thomas Bayes

26



BAYES RULE

P (A|B) =
P (B|A)P (A)

P (B)

P (parameters|data) = P (data|parameters)P (parameters)

P (data)

likelihood prior

P (parameters|data) / P (data|parameters)P (parameters)

we really care about this

“posterior distribution”
27



EXAMPLE:  LOGISTIC 
REGRESSION

P (parameters|data) / P (data|parameters)P (parameters)

prior

P (y,X|w) =
Y

i

exp(yi · xT
i w)

1 + exp(yi · xT
i w)

<latexit sha1_base64="lWgkerH9AERziYYhNxTP4CqGnHg="></latexit>

P (yi = 1|xi) =
exp(xT

i w)

1 + exp(xT
i w)

<latexit sha1_base64="30xsw632vjL+Lqp1+IPVHH/WWSI="></latexit>
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EXAMPLE:  LOGISTIC 
REGRESSION

P (parameters|data) / P (data|parameters)P (parameters)

prior

logP (w) = �|w|Example:

P (w|y,X) =

 
Y

i

exp(yi · xT
i w)

1 + exp(yi · xT
i w)

!
P (w)

<latexit sha1_base64="004+ZLNp5XNu9cMH76QXus7GxG4="></latexit>

logP (w|y,X) = logP (w) +
X

i

� log(1 + exp(�yi · xT
i w))

<latexit sha1_base64="3Y80qniIrti7yfwt00Tirz2HpIc="></latexit>
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BAYESIANS OFFER NO 
SOLUTIONS

P (w|D, l)

solution space

optimization
solution

Monte Carlo methods randomly sample this solution space 

Bayes
Lagrange

30



WHY MONTE CARLO?
You need to know more than just a max/minimizer

optimization
solution

“error bars”

Var(w) = E[(w � µ)(w � µ)T ] =

Z
wwTP (w) dw � µµT

E(w) =

Z
wP (w) dw

31



EXAMPLE: POKER BOTS
You can’t solve your problem by other (faster) methods

maximize logP (w) we don’t know 
derivative

poker bots

model parameters describe 
player behavior

2.5M different community cards

10 players = 59K raise/fold/call 
perms per round 

32



WHY MONTE CARLO?
You’re incredibly lazy
maximize logP (w)

I could differentiate this,
I just don’t wanna

argmax logP (w) ⇡ max
k

{P (wk)}

33



MARKOV CHAINS

Irreducible: can visit any state
 starting at any state

Aperiodic: does not get trapped 
in deterministic cycles

MC has steady state if

What is an MC?

34



METROPOLIS HASTINGS
ingredients

q(y|x)

proposal distribution

p(x)

posterior distribution

MH Algorithm
Start with x0

For k = 1, 2, 3, . . .
Choose candidate y from q(y|xk)
Compute acceptance probability

↵ = min

⇢
1,

p(y)q(xk|y)
p(xk)q(y|xk)

�

Set xk+1 = y with probability ↵
otherwise xk+1 = xk

35



CONVERGENCE

Theorem

Suppose the support of q contains the support of p. Then
the MH sampler has a stationary distribution, and the

distribution is equal to p.

Irreducible: support of q must contain support of p

Aperiodic: there is positive probability of jumping anywhere

36



METROPOLIS ALGORITHM
ingredients

q(y|x)

proposal distribution

p(x)

posterior distribution

Assume proposal is symmetric
q(xk|y) = q(y|xk)

↵ = min

⇢
1,

p(y)q(xk|y)
p(xk)q(y|xk)

�
↵ = min

⇢
1,

p(y)

p(xk)

�

Metropolis Hastings Metropolis

37



EXAMPLE:  GMM
histogram of Metropolis iterates

Andrieu, Freitas, Doucet, Jordan ‘0338



PROPERTIES OF MH

We don’t need a normalization constant for posterior
We can run many chains in parallel (cluster/GPU)
We don’t need any derivatives

Pro’s

P (parameters|data) = P (data|parameters)P (parameters)

P (data)

P (parameters|data) / P (data|parameters)P (parameters)

39



PROPERTIES OF MH

“Mixing time” depends on proposal distribution
• too wide = constant rejections = slow mixing
• too narrow = short movements=slow mixing

Con’s

Samples only meaningful at stationary distribution  
• “Burn in” samples must be discarded
• Many samples needed because of correlations

Posterior

proposal

This is bad…

xk
<latexit sha1_base64="8tY7aDdJ2IAPpvSJDyWI10/Am7g="></latexit>
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SIMULATED ANNEALING
maximize p(x)

Easy choice:  run MCMC, then
max

k
p(xk)

Better choice:  sample the distribution

p
1

Tk (xk) “temperature”

Why is this better?
Where does the name come from?

41



COOLING SCHEDULE

Andrieu, Freitas, Doucet, Jordan ‘03

hot warm

cool cold

42



CONVERGENCE

Granville, "Simulated annealing: A proof of convergence”

Theorem
Suppose the MCMC mixes fast enough that epsilon-dense 
sampling occurs in finite time starting at every temperature.  
For an annealing schedule with temperature

simulated annealing converges to a global optima with 
probability 1.

Tk =
1

C log(k + T0)

SA solves non-convex problem, even NP-complete problems,
as time goes to infinity.

43



WHEN TO USE SIMULATED 
ANNEALING

flow chart

Should I use 
simulated 
annealing?

no.

No practical way to choose temperature schedule
Too fast = stuck in local minimum (risky)

Too slow = no different from MCMC
Act of desperation!

44



GIBBS SAMPLER
Want to sample

P (x1, x2, x3)

on stage k, pick some coordinate j

q(y|xk) =

(
p(yj |xk

jc), if yjc = xk
jc

0, otherwise

↵ =
p(y)q(xk|y)
p(xk)q(y|xk)

=
p(y)p(xk

j |xk
jc)

p(xk)p(yj |yjc)

=
p(yjc)

p(xk
jc)

= 1

P (B) =
P (A and B)

P (A|B)

p(y) = p(yj and yjc)
<latexit sha1_base64="KTec+pwpBDIxNpH0RsoPrN7Tsvc=">AAACI3icbVDLSgMxFM3Ud31VXboJFkE3ZaYKuhFENy4r2Fpoa8mkd9poJjMkd8RhmA/wQ1y71W9wJ25c+AH+hWntwqoHQg7nnMtNjh9LYdB1353C1PTM7Nz8QnFxaXlltbS23jBRojnUeSQj3fSZASkU1FGghGasgYW+hEv/5nToX96CNiJSF5jG0AlZX4lAcIZW6pbK8U66S4+ovbrXtI1whxllqkdzmnaz6yue71KbcivuCPQv8cakTMaodUuf7V7EkxAUcsmMaXlujJ2MaRRcQl5sJwZixm9YH1qWKhaC6WSjz+R02yo9GkTaHoV0pP6cyFhoTBr6NhkyHJjf3lD8z2slGBx2MqHiBEHx70VBIilGdNgM7QkNHGVqCeNa2LdSPmCacbT9FYsTe5TgEFgrt914v5v4SxrVirdXqZ7vl49Pxi3Nk02yRXaIRw7IMTkjNVInnNyTR/JEnp0H58V5dd6+owVnPLNBJuB8fAH9lqL0</latexit>
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GIBBS SAMPLER
Want to sample

P (x1, x2, x3)

iterates

x2 ⇠ P (x1|x1
2, x

1
3, x

1
4, . . . , x

1
n)

x3 ⇠ P (x2|x2
1, x

2
3, x

2
4, . . . , x

2
n)

x4 ⇠ P (x3|x3
1, x

3
2, x

3
4, . . . , x

3
n)

· · ·
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APPLICATION: SAMPLING 
GRAPHICAL MODELS

Restricted Boltzmann Machine (RBM)

E(v, h) = �aT v � bTh� vTWh

P (v, h) =
1

Z
e�E(v,h) “partition 

function”

weights

binary
random
variables

0/1
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APPLICATION: SAMPLING 
GRAPHICAL MODELS

Restricted Boltzmann Machine (RBM)

E(v, h) = �aT v � bTh� vTWh P (v, h) =
1

Z
e�E(v,h)

remove normalization

aggregate constant

cancel constants

sigmoid function

P (vi = 1|h) = P (vi = 1|h)
P (vi = 0|h) + P (vi = 1|h)

=
exp(�ai +

P
j wijhj + C)

exp(C) + exp(�ai +
P

j wijhj + C)

=
exp(�ai +

P
j wijhj)

1 + exp(�ai +
P

j wijhj)

= �(�ai +
X

i

wijhj)

48



BLOCK GIBBS FOR RBM

P (vi = 1|h) = �(�ai +
X

j

wijhj)

hidden
visible

freeze hidden
randomly sample visible

stage 1

freeze visible
randomly sample hidden

stage 2

P (hj = 1|v) = �(�bj +
X

i

wijvi)

49



DEEP BELIEF NETS
visible

hidden

DBN = layered RBM

Each layer only depends
on layer beneath it

(feed forward)

Probability for each hidden 
node is sigmoid function

50



EXAMPLE:  MNIST

Train 3-layer DBN with 200 hidden units

pre-training:  layer-by-layer training

training:  train all weights simultaneously 

Gan, Henao, Carlson, Carin ‘15

trained on 60K MNIST digits

training done using Gibbs sampler

Gibbs sampler used to explore final solution

51



EXAMPLE: MNIST
training data Learned features

observations sampled from deep belief network using Gibbs sampler
52



COMPARISON 

Gradient/
Splitting

SGD

MCMC

rate

e�ck

1/k

1/
p
k

when to use

you value reliability and precision
(moderate speed, high accuracy)

you value speed over accuracy
(high speed, moderate accuracy)

you value simplicity (no gradient)
or need statistical inference

(slow and inaccurate)
53



DO MATLAB EXERCISE
MCMC
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