LINEAR PROGRAMMING



THE ORIGINAL "BIG DATA”

|948: Soviets blockade West Berlin
* One week later: airlift begins g O
*Big operation: $250 million |
* 3 Billion today In 2 weeks

Difficult scheduling problem!

¢ 3 routes
5 nations

* Plane landed every 30 seconds
¢ 2,346,000 tons of freight
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THE ORIGINAL "BIG DATA”

» George B. Dantzig (this guy) 4
appointed to solve problem

* | P formulation

* Simplex method

e US Air Force implementation
¢ [BM calculation machines
e Conclusion: Intractable

50 unknowns

Source: Klein, 2013



SIMPLEX
S AT -0

s it convex! Why!

s (1-3




S IPL EX ME THCE

maximize ¢’ x
subject to Ax <b

Solution Is always on vertex, why!

0
\\ How could you solve this?
C



S IPL EX ME THCE

maximize ¢’ x
subject to Ax <b

Solution Is always on vertex, why!

How could you solve this?

(Gradient descent!



S IPL EX ME THCE

maximize ¢’ x
subject to Ax <b

®




YOU |JUST WON A NOBEL
PRIZE!

(I you lived 60 years ago)

Dantzig wins L eonid Kantorovich, Tjalling Koopmans
National Medal of Science win Nobel Prize



e BIG DR

maximize ¢ x

Q: How many constraints are active subject to Ax < b
at each vertex!



e BIG DR

Q: How many constraints are active
at each vertex!

A: N

Pick N equations, solve them

* Drop an equation, swap In a new one
* Solve new system

Bl e clecrease energy

maximize cl o

subject to Ax <b



BETUE

maximize ¢’z maximize ¢
subject to Ax = b e subject to Ax =0
r >0 t=clz
x>0

Simplex Tableau

1l —cg —¢ —c3 —c4 —c5| 0
IRl aio @iz ai  ars s
0 ao1 ag2 a3 aog asgs | bo

represent constraints in matrix form



e | CHOOSE BATHS
SOLUTION

Basic Solution: A set of N variables that are feasible: they satisfy
both equality and inequality constraints

1 —cq —co —c3 —c4 —c5| 0
S ail al aln at s
0 a21 a9 a3 aoq asgs | bo

i

L1 L9

All non-basic variables are assumed to be zero in candidate solution

17



eEr | CHOOSE BATHS
SOLUTION

1 —cgy —co —c3 —c4 —c5| 0
9 Gk GEeE Gk @ @ | b

0 a1 a22 ao3 asg ass | bo

l eliminate basic
solution
=0 0 (Gt ) et 614 b()
0 a13 14 ais bl b()
0 0 1 a3 aga ass | bo 01




e 2. CHOOSE ENTERINSS
COLUMN

pick something with ¢; > 0

this guarantees objective will increase

basic
solution



e 5. CHOOSE LEAVIRS

ROW

pick row with minimal ~ b;/ar;

this guarantees all basic variables remain non-negative

basic
solution



BEr 4 ELIMINATEPIVGES

pick row with minimal ~ b;/ar;
this guarantees all basic variables remain non-negative

basic

solution
2GR e G 2 A (G b() )

=, T3 0 =€t b() bl
e 0 a3 L a5 b 0

i L a3 0 a; | b

...rnse and repeat



PriASE | PROBEERS

want to solve this

maximize cl oz

subject to Ax =0
x>0

Need feasible solution: solve “phase | problem

minimize t /\

) [AEdSEEE
Hgech 1o Ax =0 2
96—

t >0

157



TWO APPROACHES

Two phase approach

phase | phase ||
minimize ¢ then maximize ¢!z
subject to Ax = b S subject to Ax = b
T > —t r >0
t >0

“Big M” approach
maximize ¢!z — Mt
subject to Ax =0
€=
st >0



REINFORCEMENT LEARNING

Space Invaders Montezuma's revenge




S IAE SPACE

fERRstart In a STATE y

20



S IAE SPACE

,

iy
You start in a STATE 4‘/\
o

You choose an ACTION $

2|



S IAE SPACE

You start in a STATE

You choose an ACTION $

Get a REWARD l:& 7]

il



S IATE SPACHE

Sl

$ ‘\_ '//
You start in a STATE .T: |
1-\. 7
iOOOO
You choose an ACTION & 0 7
e e

Get a REWARD

VALUE of a state

0O
E : k

Vs =y YV Tsi,ag
k=0

285



S IATE SPACHE

VALUE of a state

©.@)
k
Vs = E :/7 Isk,ak
k=0

Bellman equation:
value of optimal policy

Vs = max{rs . +v* Vs 4}

i



S IATE SPACHE

Bellman equation: $
value of optimal policy
e

Vts = max{rs,a E e Vs,a} —':

BEermulation

min 1nTU
U

subject to
.+ Voo, V(s,a,7)

Inequality constraint
[BREVEry (S.a,r) observation .



S IATE SPACHE

Bellman equation:
value of optimal policy

Vs = max{rs,+v*Vs4s}

P formulation
Add an equation every time

min 1,70 you explore the environment

(v
subject to /

s Vg, V(s a,T)

Inequality constraint
[BREVEry (S.a,r) observation



MODIFYING THE PROBLEM




MODIFYING THE PROBLEM

new constraint

&

&

Note: this happens all the timesin reinforcement learning



MODIFYING THE PROBLEM

phase | solution 0
S far away new constraint

Y e

can't we just “snap’ back onto the simplex?
i



PUAL SIMPLEX ME I HCES

primal problem
minimize ¢’z
subject to Axr =0b
)
Lagrangian
max minc’ z + (A, Az — b) + (n, z)
An<0
or
max min{c + A" X +n,z) — (), b)
AnN<0 = ——O

dual
maximize — b\

subject to. A DS



PUAL SIMPLEX ME I HCES

primal problem dual
minimize ¢!z maximize — b’ \
subject to Ax =0 subject to ATA > —c¢
x>0

Adding a constraint (row) to the primal is like adding a variable
(column) to the duall

31



PUAL SIMPLEX ME I HCES

solve dual simplex tableau

1 e (], 0 s (Ee 0 —Cx 0
0 a7 0 a3 1 a5 | by

0 a9 1 93 0 a2s b2

T

put new row here

=y 0 —c3 0 —csf e
e 0 aps 1 @il @GR

Uaoq L ass O ass aiic s B

E

basic/feasible solution iIs still feasible
B




EOMPLEATTR

Kilee-Minty Cube

SImplex has exponential
worst-case behavior

Holds for most
common pivot rules

Average case complexity
s polynomial for random
constraints

Is there a polynomial
time algorithm for LP?

Klee and Minty: “How good in the Simplex algorithm?” 19



