
LINEAR PROGRAMMING
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THE ORIGINAL “BIG DATA”

•One week later : airlift begins 
•Big operation: $250 million
•3 Billion today in 2 weeks

•3 routes
•5 nations
•Plane landed every 30 seconds
•2,346,000 tons of freight

Difficult scheduling problem!

1948:  Soviets blockade West Berlin
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THE ORIGINAL “BIG DATA”

•George B. Dantzig (this guy) 
appointed to solve problem
•LP formulation
•Simplex method

•US Air Force implementation
•IBM calculation machines
•Conclusion:  Intractable

   50 unknowns
Source: Klein, 20133



SIMPLEX

Is it convex?  Why?

{x : Ax  b}
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SIMPLEX METHOD

Ax  b

x0

How could you solve this?

Solution is always on vertex, why?

maximize cTx

subject to Ax  b

c
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SIMPLEX METHOD

x0

Ax  b

How could you solve this?

Solution is always on vertex, why?

Gradient descent!

maximize cTx

subject to Ax  b

c
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SIMPLEX METHOD
maximize cTx

subject to Ax  b

c
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YOU JUST WON A NOBEL 
PRIZE!

(if you lived 60 years ago)

Dantzig wins 
National Medal of Science

Leonid Kantorovich, Tjalling Koopmans
win Nobel Prize
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THE BIG IDEA

Q: How many constraints are active
at each vertex?

maximize cTx

subject to Ax  b
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THE BIG IDEA

Q: How many constraints are active
at each vertex?

A: N

• Pick N equations, solve them
• Drop an equation, swap in a new one
• Solve new system
• Try to decrease energy 

maximize cTx

subject to Ax  b
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SETUP

Simplex Tableau

represent constraints in matrix form

0

@
1 �c1 �c2 �c3 �c4 �c5 0
0 a11 a12 a13 a14 a15 b1
0 a21 a22 a23 a24 a25 b2

1

A

maximize cTx

subject to Ax = b

x � 0

maximize t

subject to Ax = b

t = cTx

x � 0
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STEP 1:  CHOOSE BASIC 
SOLUTION

Basic Solution: A set of N variables that are feasible: they satisfy 
both equality and inequality constraints

x1 x2

All non-basic variables are assumed to be zero in candidate solution

0

@
1 �c1 �c2 �c3 �c4 �c5 0
0 a11 a12 a13 a14 a15 b1
0 a21 a22 a23 a24 a25 b2

1

A
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STEP 1:  CHOOSE BASIC 
SOLUTION

eliminate

x1 = b1

x2 = b2

0

@
1 �c1 �c2 �c3 �c4 �c5 0
0 a11 a12 a13 a14 a15 b1
0 a21 a22 a23 a24 a25 b2

1

A

0

BBBBBB@

b0
b1
b2
0
0
0

1

CCCCCCA

<latexit sha1_base64="VV6vpTshQzvYoNKrINJQkVH/xXY="></latexit>

basic
solution0

@
1 0 0 �c3 �c4 �c5 b0
0 1 0 a13 a14 a15 b1
0 0 1 a23 a24 a25 b2

1

A

<latexit sha1_base64="mOj6wa+2ndz1QVomZekvPrk7apE="></latexit>
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STEP 2:  CHOOSE ENTERING 
COLUMN

pick something with ci > 0

this guarantees objective will increase

0

BBBBBB@

b0
b1
b2
0
0
0

1

CCCCCCA

<latexit sha1_base64="VV6vpTshQzvYoNKrINJQkVH/xXY="></latexit>

basic
solution0

@
1 0 0 �c3 �c4 �c5 b0
0 1 0 a13 a14 a15 b1
0 0 1 a23 a24 a25 b2

1

A

<latexit sha1_base64="mOj6wa+2ndz1QVomZekvPrk7apE="></latexit>

x4
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STEP 3:  CHOOSE LEAVING 
ROW

x4

0

@
1 0 0 �c3 �c4 �c5 b0
0 1 0 a13 a14 a15 b1
0 0 1 a23 a24 a25 b2

1

A

<latexit sha1_base64="mOj6wa+2ndz1QVomZekvPrk7apE="></latexit>

0

BBBBBB@

b0
b1
b2
0
0
0

1

CCCCCCA

<latexit sha1_base64="VV6vpTshQzvYoNKrINJQkVH/xXY="></latexit>

basic
solution

pick row with minimal 
this guarantees all basic variables remain non-negative

bi/ari
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STEP 4:  ELIMINATE/PIVOT

this guarantees all basic variables remain non-negative

…rinse and repeat

0

@
1 0 0 �c3 �c4 �c5 b0
0 1 0 a13 a14 a15 b1
0 0 1 a23 a24 a25 b2

1

A

<latexit sha1_base64="mOj6wa+2ndz1QVomZekvPrk7apE="></latexit>

basic
solution

0

@
1 �c1 0 �c3 0 �c5 b0
0 a11 0 a13 1 a15 b1
0 a21 1 a23 0 a25 b2

1

A

<latexit sha1_base64="edDHUY0Vk+HCqwMg+cTMih9LEFE="></latexit>

0

BBBBBB@

b0
0
b2
0
b1
0

1

CCCCCCA

<latexit sha1_base64="ZILcUxHlaRgjs/WK7NbYKPVyCPs="></latexit>

pick row with minimal bi/ari
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PHASE 1 PROBLEM

maximize cTx

subject to Ax = b

x � 0

want to solve this

Need feasible solution:  solve “phase 1” problem

minimize t

subject to Ax = b

x � �t

t � 0

measure
infeasibility 
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TWO APPROACHES
Two phase approach

maximize cTx

subject to Ax = b

x � 0

minimize t

subject to Ax = b

x � �t

t � 0

then

“Big M” approach

phase 1 phase 1I

maximize cTx�Mt

subject to Ax = b

x � �t

t � 018



REINFORCEMENT LEARNING

Space Invaders Montezuma’s revenge
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STATE SPACE

You start in a STATE
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STATE SPACE

You start in a STATE

You choose an ACTION
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STATE SPACE

You start in a STATE

You choose an ACTION

$

Get a REWARD
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STATE SPACE

You start in a STATE

You choose an ACTION

$

Get a REWARD

VALUE of a state

Vs =
1X

k=0

�krsk,ak

<latexit sha1_base64="+bWunOnYp/ym02ceoSryUY+aQVY="></latexit> 23



STATE SPACE
$

Bellman equation:
value of optimal policy

VALUE of a state

Vs = max
a

{rs,a + � ⇤ Vs,a}
<latexit sha1_base64="KEqmwhE+zpSLyCMkA6+j43przdY=">AAACLHicbVDLSsNAFJ34Nr6qLt0MFkG0lEQF3QiiG5cKthWaEm6mk3ZwZhJmJmIJ+Qk/xLVb/QY3Im4F/8Jpm4WvAxcO59zLvfdEKWfaeN6rMzE5NT0zOzfvLiwuLa9UVteaOskUoQ2S8ERdR6ApZ5I2DDOcXqeKgog4bUU3Z0O/dUuVZom8MoOUdgT0JIsZAWOlsFJrhhof40DAXQg4yFWY6xoUeDfogRCAd3CzVILCDStVr+6NgP8SvyRVVOIirHwG3YRkgkpDOGjd9r3UdHJQhhFOCzfINE2B3ECPti2VIKju5KOvCrxllS6OE2VLGjxSv0/kILQeiMh2CjB9/dsbiv957czER52cyTQzVJLxojjj2CR4GBHuMkWJ4QNLgChmb8WkDwqIsUG67o89khEaW6uw2fi/k/hLmnt1f7++d3lQPTktU5pDG2gTbSMfHaITdI4uUAMRdI8e0RN6dh6cF+fNeR+3TjjlzDr6AefjC3tupjg=</latexit>

Vs =
1X

k=0

�krsk,ak

<latexit sha1_base64="+bWunOnYp/ym02ceoSryUY+aQVY="></latexit>
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STATE SPACE
$

LP formulation

subject to
<latexit sha1_base64="2a460Gc7i3re4XqlAIunpE6kndM=">AAACCHicbVC7TsNAEFyHVzCvACWNRYREFdmhgDKChjJI5CESKzpf1smR89m6OyNFVn6Amha+gQ7R8hd8An/BJXFBEkZaaTSzq92dIOFMadf9tgpr6xubW8Vte2d3b/+gdHjUVHEqKTZozGPZDohCzgQ2NNMc24lEEgUcW8HoZuq3nlAqFot7PU7Qj8hAsJBRoo30oNLgEal2dNwrld2KO4OzSryclCFHvVf66fZjmkYoNOVEqY7nJtrPiNSMcpzY3VRhQuiIDLBjqCARKj+bXTxxzozSd8JYmhLamal/JzISKTWOAtMZET1Uy95U/M/rpDq88jMmklSjoPNFYcrNg870fafPpPmXjw0hVDJzq0OHRBKqTUi2vbBHMIqhsSYmG285iVXSrFa8i0r1rlquXecpFeEETuEcPLiEGtxCHRpAQcALvMKb9Wy9Wx/W57y1YOUzx7AA6+sX3YOaGQ==</latexit>

min
v

1n
T v

<latexit sha1_base64="nIIE6cAQJRLwmNm+Nw4aEKX2eW8=">AAACH3icbVC7TsMwFHV4lvIKMDJgUSExVUlBgrGChbFIfUlNiRzHaa3aTrCdSlWUkQ9hZoVvYEOs/QT+Avcx0JYjXenonHt17z1BwqjSjjO21tY3Nre2CzvF3b39g0P76Lip4lRi0sAxi2U7QIowKkhDU81IO5EE8YCRVjC4n/itIZGKxqKuRwnpctQTNKIYaSP59pnHqfCH0HtOUQihx5HuB1Hm+iJ/qsMh9O2SU3amgKvEnZMSmKPm2z9eGOOUE6ExQ0p1XCfR3QxJTTEjedFLFUkQHqAe6RgqECeqm00fyeGFUUIYxdKU0HCq/p3IEFdqxAPTOTlULXsT8T+vk+rotptRkaSaCDxbFKUM6hhOUoEhlQRrNjIEYUnNrRD3kURYm+yKxYU9gmISGSs32bjLSaySZqXsXpUrj9el6t08pQI4BefgErjgBlTBA6iBBsDgBbyBd/BhvVqf1pf1PWtds+YzJ2AB1vgXXduiMw==</latexit>

Inequality constraint
for every (s,a,r) observation

Bellman equation:
value of optimal policy

Vs = max
a

{rs,a + � ⇤ Vs,a}
<latexit sha1_base64="KEqmwhE+zpSLyCMkA6+j43przdY=">AAACLHicbVDLSsNAFJ34Nr6qLt0MFkG0lEQF3QiiG5cKthWaEm6mk3ZwZhJmJmIJ+Qk/xLVb/QY3Im4F/8Jpm4WvAxcO59zLvfdEKWfaeN6rMzE5NT0zOzfvLiwuLa9UVteaOskUoQ2S8ERdR6ApZ5I2DDOcXqeKgog4bUU3Z0O/dUuVZom8MoOUdgT0JIsZAWOlsFJrhhof40DAXQg4yFWY6xoUeDfogRCAd3CzVILCDStVr+6NgP8SvyRVVOIirHwG3YRkgkpDOGjd9r3UdHJQhhFOCzfINE2B3ECPti2VIKju5KOvCrxllS6OE2VLGjxSv0/kILQeiMh2CjB9/dsbiv957czER52cyTQzVJLxojjj2CR4GBHuMkWJ4QNLgChmb8WkDwqIsUG67o89khEaW6uw2fi/k/hLmnt1f7++d3lQPTktU5pDG2gTbSMfHaITdI4uUAMRdI8e0RN6dh6cF+fNeR+3TjjlzDr6AefjC3tupjg=</latexit>

vs � rs,a + �Vs,a, 8(s, a, r)
<latexit sha1_base64="zJDWTmtv2bGcw8p+XLa+zZmdsvE=">AAACMXicbVDLSgMxFM34tr6qLt0Ei6BYykwVdFl041LBtkJbhjvpnRpMMkOSKZSh3+GHuHar3+BO3Ik/YfpYqPVA4Nxz7uXenCgV3Fjff/Pm5hcWl5ZXVgtr6xubW8XtnYZJMs2wzhKR6LsIDAqusG65FXiXagQZCWxGD5cjv9lHbXiibu0gxY6EnuIxZ2CdFBaDfmhou4dUh7kpw5AeuwqkBNqYCGXajhMNQtBDV5b1UVgs+RV/DDpLgikpkSmuw+Jnu5uwTKKyTIAxrcBPbScHbTkTOCy0M4MpsAfoYctRBRJNJx9/bUgPnNKl7gL3lKVj9edEDtKYgYxcpwR7b/56I/E/r5XZ+LyTc5VmFhWbLIozQW1CRznRLtfIrBg4Akxzdytl96CBWZdmofBrj+IMY2cNXTbB3yRmSaNaCU4q1ZvTUu1imtIK2SP75JAE5IzUyBW5JnXCyCN5Ji/k1Xvy3rx372PSOudNZ3bJL3hf31LYqCY=</latexit>
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STATE SPACE

LP formulation

subject to
<latexit sha1_base64="2a460Gc7i3re4XqlAIunpE6kndM=">AAACCHicbVC7TsNAEFyHVzCvACWNRYREFdmhgDKChjJI5CESKzpf1smR89m6OyNFVn6Amha+gQ7R8hd8An/BJXFBEkZaaTSzq92dIOFMadf9tgpr6xubW8Vte2d3b/+gdHjUVHEqKTZozGPZDohCzgQ2NNMc24lEEgUcW8HoZuq3nlAqFot7PU7Qj8hAsJBRoo30oNLgEal2dNwrld2KO4OzSryclCFHvVf66fZjmkYoNOVEqY7nJtrPiNSMcpzY3VRhQuiIDLBjqCARKj+bXTxxzozSd8JYmhLamal/JzISKTWOAtMZET1Uy95U/M/rpDq88jMmklSjoPNFYcrNg870fafPpPmXjw0hVDJzq0OHRBKqTUi2vbBHMIqhsSYmG285iVXSrFa8i0r1rlquXecpFeEETuEcPLiEGtxCHRpAQcALvMKb9Wy9Wx/W57y1YOUzx7AA6+sX3YOaGQ==</latexit>

min
v

1n
T v

<latexit sha1_base64="nIIE6cAQJRLwmNm+Nw4aEKX2eW8=">AAACH3icbVC7TsMwFHV4lvIKMDJgUSExVUlBgrGChbFIfUlNiRzHaa3aTrCdSlWUkQ9hZoVvYEOs/QT+Avcx0JYjXenonHt17z1BwqjSjjO21tY3Nre2CzvF3b39g0P76Lip4lRi0sAxi2U7QIowKkhDU81IO5EE8YCRVjC4n/itIZGKxqKuRwnpctQTNKIYaSP59pnHqfCH0HtOUQihx5HuB1Hm+iJ/qsMh9O2SU3amgKvEnZMSmKPm2z9eGOOUE6ExQ0p1XCfR3QxJTTEjedFLFUkQHqAe6RgqECeqm00fyeGFUUIYxdKU0HCq/p3IEFdqxAPTOTlULXsT8T+vk+rotptRkaSaCDxbFKUM6hhOUoEhlQRrNjIEYUnNrRD3kURYm+yKxYU9gmISGSs32bjLSaySZqXsXpUrj9el6t08pQI4BefgErjgBlTBA6iBBsDgBbyBd/BhvVqf1pf1PWtds+YzJ2AB1vgXXduiMw==</latexit>

Inequality constraint
for every (s,a,r) observation

Bellman equation:
value of optimal policy

Vs = max
a

{rs,a + � ⇤ Vs,a}
<latexit sha1_base64="KEqmwhE+zpSLyCMkA6+j43przdY=">AAACLHicbVDLSsNAFJ34Nr6qLt0MFkG0lEQF3QiiG5cKthWaEm6mk3ZwZhJmJmIJ+Qk/xLVb/QY3Im4F/8Jpm4WvAxcO59zLvfdEKWfaeN6rMzE5NT0zOzfvLiwuLa9UVteaOskUoQ2S8ERdR6ApZ5I2DDOcXqeKgog4bUU3Z0O/dUuVZom8MoOUdgT0JIsZAWOlsFJrhhof40DAXQg4yFWY6xoUeDfogRCAd3CzVILCDStVr+6NgP8SvyRVVOIirHwG3YRkgkpDOGjd9r3UdHJQhhFOCzfINE2B3ECPti2VIKju5KOvCrxllS6OE2VLGjxSv0/kILQeiMh2CjB9/dsbiv957czER52cyTQzVJLxojjj2CR4GBHuMkWJ4QNLgChmb8WkDwqIsUG67o89khEaW6uw2fi/k/hLmnt1f7++d3lQPTktU5pDG2gTbSMfHaITdI4uUAMRdI8e0RN6dh6cF+fNeR+3TjjlzDr6AefjC3tupjg=</latexit>

vs � rs,a + �Vs,a, 8(s, a, r)
<latexit sha1_base64="zJDWTmtv2bGcw8p+XLa+zZmdsvE=">AAACMXicbVDLSgMxFM34tr6qLt0Ei6BYykwVdFl041LBtkJbhjvpnRpMMkOSKZSh3+GHuHar3+BO3Ik/YfpYqPVA4Nxz7uXenCgV3Fjff/Pm5hcWl5ZXVgtr6xubW8XtnYZJMs2wzhKR6LsIDAqusG65FXiXagQZCWxGD5cjv9lHbXiibu0gxY6EnuIxZ2CdFBaDfmhou4dUh7kpw5AeuwqkBNqYCGXajhMNQtBDV5b1UVgs+RV/DDpLgikpkSmuw+Jnu5uwTKKyTIAxrcBPbScHbTkTOCy0M4MpsAfoYctRBRJNJx9/bUgPnNKl7gL3lKVj9edEDtKYgYxcpwR7b/56I/E/r5XZ+LyTc5VmFhWbLIozQW1CRznRLtfIrBg4Akxzdytl96CBWZdmofBrj+IMY2cNXTbB3yRmSaNaCU4q1ZvTUu1imtIK2SP75JAE5IzUyBW5JnXCyCN5Ji/k1Xvy3rx372PSOudNZ3bJL3hf31LYqCY=</latexit>

Add an equation every time
you explore the environment
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MODIFYING THE PROBLEM

x0

Ax  b

c
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MODIFYING THE PROBLEM

x0

Ax  b

c

new constraint

Note:  this happens all the time in reinforcement learning28



MODIFYING THE PROBLEM

x0

Ax  b

c

new constraint
phase I solution

is far away

can’t we just “snap” back onto the simplex?
29



DUAL SIMPLEX METHOD
primal problem

Lagrangian 

minimize cTx

subject to Ax = b

x � 0

max
�,⌘0

min
x

cTx+ h�, Ax� bi+ h⌘, xi

dual

max
�,⌘0

min
x

hc+AT�+ ⌘, xi � h�, bi
or

= 0

maximize � bT�

subject to AT� � �c
<latexit sha1_base64="w4DG4gs608BAysoKJBGL/0lo3fk="></latexit>

30



DUAL SIMPLEX METHOD
primal problem
minimize cTx

subject to Ax = b

x � 0

dual

Adding a constraint (row) to the primal is like adding a variable 
(column) to the dual!

maximize � bT�

subject to AT� � �c
<latexit sha1_base64="w4DG4gs608BAysoKJBGL/0lo3fk="></latexit>
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DUAL SIMPLEX METHOD
0

@
1 �c1 0 �c3 0 �c5 0
0 a11 0 a13 1 a15 b1
0 a21 1 a23 0 a25 b2

1

A

solve dual simplex tableau

put new row here
0

@
1 �c1 0 �c3 0 �c5 �c6 0
0 a11 0 a13 1 a15 a16 b1
0 a21 1 a23 0 a25 a16 b2

1

A

basic/feasible solution is still feasible
32



COMPLEXITY

Klee and Minty: “How good in the Simplex algorithm?” 1972

Simplex has exponential 
worst-case behavior

Is there a polynomial 
time algorithm for LP?

Holds for most 
common pivot rules

Klee-Minty Cube

Average case complexity
is polynomial for random 

constraints
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