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LINEAR FH_TER
e I E:xk+

Filter/stencll [— 1 1 O] .
Signal 21T

Output 1



LINEAR FILTER

e I E:xk+
Filter/stencll [— 1 1 O] .
Signal 2111

Output ]_ il 2



LH\IEAR FILTER

Filter/stencll [_ 1 ] O]

Signal Fota G | 1 4 e Iy
Output 9

Now what??
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CIRCULANT BOUNDARY

Filter/stencll 0 [_1 1 ]
Signal oot S 2

Outpu 1-2 0 o8

End of signal



CIRCULANT BOUNDARY

Filter/stencil () [—1 1 O]
B 1 3 11 438

B > 120 3%

End of signal



LINEAR FILTER

Filter/stendi [—1 1 0
z o f[k] E:xk+
Filter/stendi [—1 1 O]
Signal 2 3§ R

Output ey,



LINEAR CONVOLUTION

Filter/stencil [_ 1. O]

ZCOf Zxk_l_z f-\ Lookie

Filter/stenci 0 4% Here!
Signal o o

Output 2 (0



CONVOLUTION MATRIX

Fiter/stencll [O 1 — 1]
Signal e o 1
Output )
Conv matrix Signal

T (D () () 2
0 L 1 O 3
0 0 1 -1 0 1
O a0 =0 L =l 1
e ) ) 1 4



TWO COMMON USES FOR
CONVOLU TTONS



DISCRE T E GRADIENSS

Neumann ( Z; :2(1) ) ‘_»‘_»‘_»‘

ugz — U2

E o009
. Wok=ell
Uz — u2
| |

Up — us



DISCRETE GRADIENT IN 2D

(V)ij = = Ty Tijp1 — Tig)

i -



TV IN 2D

(Vg = (o R L | — 75




GRADIENT ON IMAGES

* [wo linear filters
e x-stencil = (-1 | 0)
ey-stencil = (-1 | Q)

e [wo Ihe volutio
e Xx-ke | (OI I)
e ciernel = (O ] -1)



GAUSSIAN FILTER

Used to “smooth™ a noisy signal

Signal

andhamt

Kernel Output




GAUSSIAN FILTER

Signal

N\

Output




GAUSSIAN FILTER

Signal

o

Output




GAUSSIAN FILTER

Signal
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\ 4

N\

Output




GAUSSIAN FILTER

Signal

Kernel 44/////,\\\\\\\;

AW

Output



CONVOLUTION MATRIX

Signal/
__’//////’\\\\\\\; Vector
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CONVOLUTION

frgl@)=) flz—s)g(s) =)  flz+s)g(—s)
: Kdon’z forgetj

WRONG!!
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CONVOLUTION: 2D

[ /S /S S S )/

Q.
[T FT7T 5

L S L S S [/
/T /s

L L L L LS/ S

/17 §

EJ— {



USING THE FFT



FOURIER TRANSFORM
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mode 2
mode 4
mode 10

By = E :xne—ZQWkn/N
n
T = X




FOURIER TRANSFORM

By = E :xne—ZQWkn/N
n

g Zl?,fk >




FROPERT1ES OF T

* (Classical FFT 1s ORTHOGONAL

FRF =nI

» Are-scaling of it 1is UNITARY

IS

» Computable in O(N logN) time (Cooley- Tukey)

I B e
Fx_([ —B)(]—"wa)
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THE CONVOLUTION
R ECORER

» Convolution = multiplication in Fourier domain

zxy=F *(Fz-Fy)

what does this mean?



A BET TER WAY TO THINK
ABOUT T

rxy=F (Fz-  Fy)
-1 DIAGONALIZES convolution matrices

Orthogonal

i
i — f_ll?fx

s Diagonal

°|s K]_K2 — KQKl ?
jBees 0.0, u— 0,0,u ?
)
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FOVY DO WE HGURE OU T iES

* The diagonal matrix is just the FFT of backward

filter stencll
o—0-0-0
B 1]

* Example: derivative

S inc siencil: -1 1 0]
*Convolve with: [0 | -1]
*Embed stencil in matrix;

Kr=F 'DFx
s=1[1-1000000]

* Compute the diagonal

=S

* Perform convolution using EVD
LS



CONDITION NUMBER

Kr=F 'DFx
diag(D) = F[1,-1,0,0,0, 0]

'

How poorly conditioned
[ERamen

How poorly conditioned
S a convolution?

. Fourier coef (eigenvalue)

Wave number



CONDITION NUMBER
Kr=F 'DFx

How poorly conditioned
[ERamen

How poorly conditioned
S a convolution?

diag(D) = F[1,—1,0,0,0,0]

'

0.4

0.2
<> O

0

Zero: why! What Is the eigenvector



BROWN BAT




BROWN BAT




VY IS 1 RE CHIRP VWEESS
CONDITIONED!?

Echolocation chirp: brown bat

frequency

Linear chirp




1IN 1 HE VVIEES

pMEEEDSIDE T Is NOT ORTHOGONAL!
WHY?

Convolution with a delta function = identity

1

E . v
FFT still diagonalizes convolutions!
FIDF = \Ff—lDF— =F, DF.

a

Same-D



WHAI'S THE ADJOINT OF A
CONV OPERATOR!

,I \

— F 'DFx




WHAI'S THE ADJOINT OF A
CONV OPERATOR!

Flip!

e g Yy F DFx



