
OPTIMIZATION PROBLEMS
OVERVIEW
CMSC764 / AMSC607
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WHAT IS OPTIMIZATION?

A:  Minimizing things

In college you learned:
set derivative to zero

sounds easy.

convex!
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BUT THEN…
What if there’s no closed-form solution?

What if the problem has 1 BILLION dimensions?
What if the problem is non-convex?

What if the function has no derivative?
What if there are constraints?

What if the objective function has a BILLION terms?

Does this ever really happen?
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MODEL FITTING PROBLEMS
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BASIC OPTIMIZATION 
PROBLEMS: MODEL FITTING

model parameters

training data / inputs label data / outputs Example:
linear model

least-squares

f(di, w) = yi dTi w = bi

loss function

min
X

i

`(di, w, yi) min kDw � bk2

`(di, w, bi) = (dTi w � bi)
2

5



BASIC OPTIMIZATION 
PROBLEMS: MODEL FITTING

penalized regressions

min kDw � bk2

`(di, w, bi) = (dTi w � bi)
2

loss function

min
X

i

`(di, w, yi)

ridge penalty“prior”

min kwk22 + kDw � bk2min J(w) +
X

i

`(di, w, yi)
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Why would you want a penalty?
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Poor conditioning.



EIGENVALUE 
DECOMPOSITION

• Spectral theorem:  symmetric matrices have a 
complete, orthogonal set of eigenvalues

A =

Change of basis
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EIGENVALUE 
DECOMPOSITION

• Action of matrix is described by eigenvalues

A =

9

<latexit sha1_base64="VzKBmN0IUClzqbJ3QwiZBToB2v8="></latexit>

x = �1e1 + �2e2 + �3e3
<latexit sha1_base64="BIB5RLiraDw9hlQ2BY8zUra22AY="></latexit>

Ax = A(�1e1 + �2e2 + �3e3)

= �1Ae1 + �2Ae2 + �3Ae3

= �1�1e1 + �2�2e2 + �3�3e3



MATRIX INVERSE

• Action of matrix is described by eigenvalues

A�1x = �1�
�1
1 e1 + �2�

�1
2 e2 + �3�

�1
3 e3
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<latexit sha1_base64="BIB5RLiraDw9hlQ2BY8zUra22AY="></latexit>

Ax = A(�1e1 + �2e2 + �3e3)

= �1Ae1 + �2Ae2 + �3Ae3

= �1�1e1 + �2�2e2 + �3�3e3



ESTIMATION PROBLEM
Suppose  �1 = 1, �2 = 0.1, �2 = 0.01

Ax = b = �1e1 + 0.1�2e2 + 0.01�3e3

b̂ = b+ ⌘I tell you

noise

Can you recover x?

Does this ever really happen?
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CONDITION NUMBER

• Ratio of largest to smallest singular value

 =
�max

�min
 =

����
�max

�min

����  = kAkkA�1k

Why are these definitions the same for symmetric matrices?
What is the condition number of our problem?

kx̂� xk
kxk  

kb� b̂k
kbk

Ax = b
vs

Ax = b̂
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DOES THIS EVER HAPPEN IN 
REAL LIFE?

• No.  The situation is never this good.

• Common in optimization:  regularizations and IPM’s

• Example:  Convolution

Kernel

Signal

Output
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DOES THIS EVER HAPPEN IN 
REAL LIFE?

Kernel

Signal

Output14



DOES THIS EVER HAPPEN IN 
REAL LIFE?

Kernel

Signal

Output15



DOES THIS EVER HAPPEN IN 
REAL LIFE?

Kernel

Signal

Output16



DOES THIS EVER HAPPEN IN 
REAL LIFE?

Kernel

Signal

Output17



CONVOLUTION MATRIX

100 200 300 400 500 600

100

200

300

400

500

600

Condition number:
3,500,000
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CONVOLUTION: 2D

K
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DEBLURRING
Relative difference 0.0092

K�1 K�1
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Why would you want a penalty?

21

Under-determined systems.



UNDER-DETERMINED 
SYSTEMS

• Another problem:  What if matrix isn’t even full-rank?

• If the error is bounded (             ) solve

A 2 RM⇥N M < N

b = Ax+ ⌘

minimize kxk subject to kAx� bk  ✏

k⌘k  ✏

“Occam’s razor”
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GEOMETRIC INTERPRETATION
RN

y = Ax

All points on the red line 
satisfy 

Point with the smallest      
norm`2
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RIDGE REGRESSION
• If the error is bounded (             ) solve

b = Ax+ ⌘

minimize kxk subject to kAx� bk  ✏

k⌘k  ✏

• This is equivalent to

for some value of  
minimize �kxk2 + kb�Axk2

�
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RIDGE REGRESSION

Closed form solution!

minimize �kxk2 + kb�Axk2

(ATA+ �I)�1AT b

What does this do to condition number?
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RIDGE REGRESSION

Closed form solution!

�2
max + �

�2
min + �

New condition number

minimize �kxk2 + kb�Axk2

(ATA+ �I)�1AT b
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TIKHONOV REGULARIZATION

• Has many names (ridge regression in stats)

• Advantage:  Easier to solve new problem

• Improved condition number (less noise sensitivity)

• Parameter      can be set:

• Empirically (e.g. cross-validation)

• Use noise bounds + theory (BIC, etc…)

�

minimize �kxk2 + kb�Axk2
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BAYESIAN INTERPRETATION

• Model data formation:  write distribution of data given parameters

• Observe data from random process

• Use Bayes rule:  write distribution of parameters given data

• Find “most likely” parameters given data

• Optional: uncertainty quantification / confidence  

…How to cook up a Bayesian model…
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GAUSSIAN
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The bell curve 

<latexit sha1_base64="1z4dOcA1DNA6vEU/Gz4DogUswbA="></latexit>

⇠ e
�x2

2�2



GAUSSIAN
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The bell curve 

<latexit sha1_base64="7E7kiiw6kWE5OHt9g+Xho43gb0o="></latexit>

=
1p
2⇡�2

e
(x�µ)2

2�2

<latexit sha1_base64="1z4dOcA1DNA6vEU/Gz4DogUswbA="></latexit>

⇠ e
�x2

2�2

<latexit sha1_base64="nWLsATbQpLe8x4MB4oIDovj32BQ="></latexit>

�2 = E[x2]
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<latexit sha1_base64="8MTfqIL89Q4zhbAtCaDoUAkEIAA="></latexit>

=
Y

i

1p
2⇡�2

e
(xi�µi)

2

2�2 =
1

(2⇡�2)n/2
e

kx�µk2

2�2

<latexit sha1_base64="4ttVsM28fmfdUcc7Tzef7kx+62w="></latexit>

⇠
Y

i

e�
x2
i

2�2 = e
�1
2�2

P
i x

2
i

= e�
xtx
2�2

MULTIVARIATE GAUSSIAN
The bell curve 



MULTIVARIATE GAUSSIAN
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The bell curve 

<latexit sha1_base64="S4CS/Zl5jh+CZ9PCGk+LEW4X+pI="></latexit>

e�
xtx
2�2 ! e�

1
2x

t⌃�1x

<latexit sha1_base64="sGpQhaeE+lu/jhSUkuBgwfNwU+U="></latexit>

=
1

(2⇡|⌃|)n/2
e�

1
2 (x�µ)t⌃�1(x�µ)

Covariance matrix

<latexit sha1_base64="bvx29VGUGWuSGNgwGrYonAwS3DU="></latexit>

⌃ = E[xxt]



BAYESIAN INTERPRETATION

• Assumptions:

• Prior : we know expected signal power

• Linear measurement model

• Noise is i.i.d. Gaussian:   

• MAP (maximum a-posteriori) estimate:

b = Ax+ ⌘

⌘ = N(0,�)

maximize
x

p(x|b)

minimize �kxk2 + kb�Axk2

E{x2
i } = E2
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BAYESIAN INTERPRETATION
maximize

x
p(x|b)

p(X|Y ) / p(Y |X)p(X)

b ⇠ N(Ax,�)

Bayes’  Rule

maximize
x

p(x|b) / p(b|x)p(x)

prior
model

x ⇠ N(0, E)
<latexit sha1_base64="x+oIN1H69hfNortZ+XuiPV7NTxo="></latexit><latexit sha1_base64="x+oIN1H69hfNortZ+XuiPV7NTxo="></latexit><latexit sha1_base64="x+oIN1H69hfNortZ+XuiPV7NTxo="></latexit><latexit sha1_base64="x+oIN1H69hfNortZ+XuiPV7NTxo="></latexit>
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BAYESIAN INTERPRETATION
maximize

x
p(x|b) = p(b|x)p(x)

probability
of data

prior

p(b|x) =
Y

i

1

�
p
2⇡

e�
1

2�2 (bi�(Ax)i)
2

= (2⇡�2)�m/2e�
1

2�2 kb�Axk2

p(x) = (2⇡E2)�n/2e�
1

2E2 kxk2

maximize exp

✓
�kb�Axk2

2�2

◆
exp

✓
�kxk2

2E2

◆
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NEGATIVE LOG-LIKELIHOOD
maximize

x
p(x|b) = p(b|x)p(x)

NLL

maximize exp

✓
�kb�Axk2

2�2

◆
exp

✓
�kxk2

2E2

◆

maximize �kb�Axk2

2�2
� kxk2

2E2

minimize
�2

E2
kxk2 + kb�Axk2
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SPARSE PRIORS

• Priors add information to the problem

• Ridge/Tikhonov priors require a lot of assumptions

• Prior only good when assumptions true! 

• A very general prior : sparsity
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WHAT IS SPARSITY?
• Signal has very few non-zeros:  small     norm
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OTHER NOTIONS OF 
SPARSITY

• “Low density” signals - rapid decay of coefficients
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• Fast decay: = Small Weak      norm`p39



DENSE SIGNAL / SPARSE REPRESENTATION:
AUDIO

Audio Signal DCT

•Sounds produced by vibrating objects
•Energy is concentrated at resonance frequencies of 
object

•Defined by eigenvalues of the Laplacian of vibrating surface
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DENSE SIGNAL / SPARSE REPRESENTATION:
AUDIO

Echolocation chirp: brown bat Gabor transform (STFT)

• Bat hears convolution of signal with environment
• Chirps: generate well-conditioned convolution matrices

time

fre
qu

en
cy

source: Christoph Studer41



DENSE SIGNAL / SPARSE REPRESENTATION:
IMAGES

•Approximately Piecewise constant
•High correlations between adjacent pixels within objects
•High variation across edges

Wavelet transform of natural image

Credit:  Mark Davenport42



NEURAL EVENTS
• Neural potentials: convolution of spike train with 

kernel

16 

Real recording 

Spiking events 

Kernel
43



MACHINE LEARNING: 
OVERFITTING

Ax = b
Features/Data

Model Parameters

Labels

•Happens when you can design the measurement matrix
•More features = better fit
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EXAMPLE:  POLYNOMIAL 
FITTING

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

Noisy data drawn from polynomial
what degree is best?

n=20
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EXAMPLE:  POLYNOMIAL 
FITTING

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

0 2 4 6 8 10 12 14 16 18
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

degree

m
od

el 
fit

tin
g 

er
ro

r

n=20

17
46



EXAMPLE:  POLYNOMIAL 
FITTING

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1
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1

degree = 17
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EXAMPLE:  POLYNOMIAL 
FITTING

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Fit SIGNAL not NOISE!

bad “out of sample” error48



WHY DID THIS HAPPEN?
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WHY DID THIS HAPPEN?
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 = 3e16
We know we’re overfitting
just from condition number.  

Why?
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BIAS-VARIANCE TRADEOFF

51

<latexit sha1_base64="POIm9+bcdO/+8DlqxWELq33V0NQ="></latexit>

ED,x,y[y � f(x;D)]2 = Ex,y[y � f̄(x)]2 + ED,x,y[f(x,D)� f̄(x)]2 + �2

Test error Bias Variance

Irreducible
Error

{ { {

Fitting a model with random data:
<latexit sha1_base64="zQ09q9ZmPCJos89sJnGYskkpaXo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFBW8FPXgsYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D1p9MPB4b4aZeUHMmTau++XklpZXVtfy64WNza3tneLuXlPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGF1N/dYDVZpJcWfGMfUjPBAsZAQbKzXD8uPF9XGvWHIr7gzoL/EyUoIM9V7xs9uXJImoMIRjrTueGxs/xcowwumk0E00jTEZ4QHtWCpwRLWfzq6doCOr9FEolS1h0Ez9OZHiSOtxFNjOCJuhXvSm4n9eJzHhuZ8yESeGCjJfFCYcGYmmr6M+U5QYPrYEE8XsrYgMscLE2IAKNgRv8eW/pHlS8U4r1dtqqXaZxZGHAziEMnhwBjW4gTo0gMA9PMELvDrSeXbenPd5a87JZvbhF5yPb3x0jm0=</latexit>

f(x;D)
<latexit sha1_base64="mdCwuRkT5ua4++GIrsf6LjB/q9s=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VoNyWRooIIRSu4rGAf0IQymU7aoZNMmJmIJXTrxl9x40IRt/6BO//GSZuFtp7V4Zx7ueceL2JUKsv6NnJLyyura/n1wsbm1vaOubvXkjwWmDQxZ1x0PCQJoyFpKqoY6USCoMBjpO2NrlK/fU+EpDy8U+OIuAEahNSnGCkt9UzoeEhAv/RQhhcQOgFSQ89Lrie9eiqe18s9s2hVrCngIrEzUgQZGj3zy+lzHAckVJghKbu2FSk3QUJRzMik4MSSRAiP0IB0NQ1RQKSbTD+ZwCOt9KHPdSQeKjhVf28kKJByHHh6Mo0q571U/M/rxso/cxMaRrEiIZ4d8mMGFYdpLbBPBcGKjTVBWFCdFeIhEggrXV5Bl2DPv7xIWscV+6RSva0Wa5dZHXlwAA5BCdjgFNTADWiAJsDgETyDV/BmPBkvxrvxMRvNGdnOPvgD4/MH3JmX6Q==</latexit>

f̄(x) = EDf(x;D)Expected model:



BIAS-VARIANCE TRADEOFF
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<latexit sha1_base64="1LIQQ4N3yY8N8rXooPF/m5s7hFs=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoRol48RjAPTJYwO5kkQ2Znl5leMSz5Cy8eFPHq33jzb5w8DppY0FBUddPdFcRSGHTdbyeztLyyupZdz21sbm3v5Hf3aiZKNONVFslINwJquBSKV1Gg5I1YcxoGkteDwc3Yrz9ybUSk7nEYcz+kPSW6glG00sPV02VATlocaTtfcIvuBGSReDNSgBkq7fxXqxOxJOQKmaTGND03Rj+lGgWTfJRrJYbHlA1ojzctVTTkxk8nF4/IkVU6pBtpWwrJRP09kdLQmGEY2M6QYt/Me2PxP6+ZYPfCT4WKE+SKTRd1E0kwIuP3SUdozlAOLaFMC3srYX2qKUMbUs6G4M2/vEhqp0XvrFi6KxXK17M4snAAh3AMHpxDGW6hAlVgoOAZXuHNMc6L8+58TFszzmxmH/7A+fwBb++QIA==</latexit>

Ax = b+ ⌘
Example: linear estimation with mean-zero noise

Unregularized solution
<latexit sha1_base64="2STRbspOWP5paLrkkPZBHEhqosE=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQxCRAy7EtSLEPXiMYJ5QLKG2clsMmT2wcysJCz7K148KOLVH/Hm3zhJ9qDRgoaiqpvuLjfiTCrL+jJyS8srq2v59cLG5tb2jrlbbMowFoQ2SMhD0XaxpJwFtKGY4rQdCYp9l9OWO7qZ+q1HKiQLg3s1iajj40HAPEaw0lLPLI4v0dVDcmKnZRcdd6nCRz2zZFWsGdBfYmekBBnqPfOz2w9J7NNAEY6l7NhWpJwEC8UIp2mhG0saYTLCA9rRNMA+lU4yuz1Fh1rpIy8UugKFZurPiQT7Uk58V3f6WA3lojcV//M6sfIunIQFUaxoQOaLvJgjFaJpEKjPBCWKTzTBRDB9KyJDLDBROq6CDsFefPkvaZ5W7LNK9a5aql1nceRhHw6gDDacQw1uoQ4NIDCGJ3iBVyM1no03433emjOymT34BePjG3AVksY=</latexit>

x = A�1(b+ ⌘)

Bias
<latexit sha1_base64="4yeM39BQeZKrd6AdU7WM6+byvAA="></latexit>

A�1(b)� E⌘[A
�1(b+ ⌘)] = A�1(b)�A�1(b) + E⌘[⌘] = 0

Is this a good estimator? It has no bias? 



BIAS-VARIANCE TRADEOFF
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Lots of regularization No regularization



BIAS-VARIANCE TRADEOFF
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BIAS-VARIANCE TRADEOFF
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Complexity (controlled by lambda)

Poorly Conditioned
Polynomial interp
Deconvolution



BIAS-VARIANCE TRADEOFF
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Complexity (controlled by lambda)

Well Conditioned
Orthogonal matrix inversion

Boosted trees



DOUBLE DESCENT
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Va
lid

at
io

n 
 E

rr
or

Complexity (controlled by lambda)

“Classical regime”

“Over-parameterized
regime”

Neural nets live over here

Threshold of
interpolation



EXAMPLE

58

Decision boundaries in neural networks
ResNet18 on CIFAR10 with 20% label noise

First-layer network width
1 4 10 20 64

Somepalli “Can You Learn the Same Model Twice?"

Bad conditioning

https://somepago.github.io/files/db_preprint.pdf


SPARSE RECOVERY PROBLEMS

minimize kxk0 subject to Ax = b

“Fat”  matrix
(underdetermined)

Dense
measurements

Sparse solution

COMPLEXITY ALERT:  NP-Complete

(Reductions to subset cover and SAT)
Nonetheless: can solve by greedy methods

• Orthogonal Matching Pursuit (OMP)
• Stagewise methods: StOMP, CoSAMP, etc…

used to control over-fitting

59



L0 IS NOT CONVEX

minimize kxk0 subject to Ax = b

minimize |x| subject to Ax = b

60



WHY USE L1?

• L1 is the “tightest” convex relaxation of L0

61



CONVEX RELAXATION
minimize |x| subject to Ax = b

62



CONVEX RELAXATION
minimize |x| subject to Ax = b

63



SPARSE OPTIMIZATION 
PROBLEMS

minimize |x| subject to Ax = b

minimize �|x|+ 1

2
kAx� bk2

Basis Pursuit

Basis Pursuit
Denoising

Lasso minimize
1

2
kAx� bk2 subject to |x|  �

64



BAYESIAN LAND!

minimize �|x|+ 1

2
kAx� bk2Basis Pursuit

Denoising

What prior is this?

p(x) = e�|x|

Laplace distribution

“robust to outliers”

65



HOW TO SET LAMBDA?
minimize out-of-sample error

training data

} 30%  test set

minimize �|x|+ 1

2
kAx� bk2

66



CROSS VALIDATION
minimize out-of-sample error

training data
test data

minimize �|x|+ 1

2
kAx� bk2

choose lambda to minimize
test error

67



CROSS VALIDATION
minimize out-of-sample error

training data
test data

idealistic curves: no sampling noise
68



CROSS VALIDATION

K-fold CV leave-one-out CV random sampling CV

Do CV on multiple split of data to reduce noise

69



AFTER MODEL SELECTION

de-biasing ensemble learning

minimize �|x|+ 1

2
kAtrx� btrk2

minimize
1

2
kAallx� ballk2

subject to x 2 C

minimize �|x|+ 1

2
kA1x� b1k2

minimize �|x|+ 1

2
kA2x� b2k2

minimize �|x|+ 1

2
kAKx� bKk2

...

These methods work best on small problems!
70



CO-SPARSITY

• Sometimes signal is sparse under a transform

• When transform is invertible, can use synthesis

minimize �|�x|+ 1

2
kAx� bk2

minimize �|v|+ 1

2
kA��1v � bk2

• Otherwise, use the analysis formulation

• The thing in the L1 norm is sparse!
71



EXAMPLE:
IMAGE PROCESSING

72



IMAGE GRADIENT

Neumann

Circulant

Stencil [�1 1 0]

0

@
u1 � u0

u2 � u1

u3 � u2

1

A

0

BB@

u1 � u0

u2 � u1

u3 � u2

u0 � u3

1

CCA

73



TOTAL VARIATION

• Discrete gradient operator

• Linear filter with “Stencil”
rx = (x2 � x1, x3 � x2, x4 � x3)

(�1, 1)

TV (x) =
X

|xi+1 � xi|

TV (x) = |rx|

Is this a norm?

74



TV IN 2D
(rx)ij = (xi+1,j � xi,j , xi,j+1 � xi,j)

|(rx)ij | = |xi+1,j � xi,j |+ |xi,j+1 � xi,j)|Anisotropic

Isotropic k(rx)ijk =
q

(xi+1,j � xij)2 + (xi,j+1 � xij)2
75



COMPUTING TV ON IMAGES
�
�1 1

�

0

@
�1

1

1

A

•Two linear filters 
•x-stencil = (-1 1 0)
•y-stencil = (-1 1 0)’

• Two linear convolutions 
• x-kernel = (0 1 -1)
• y-kernel = (0 1 -1)’

…or…
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COMPUTING TV ON IMAGES
Circulant Boundary

Fast Transforms:  use FFT

• Two linear convolutions 
• x-kernel = (0 1 -1)
• y-kernel = (0 1 -1)’

77



TOTAL VARIATION: 2D
(rx)ij = (xi+1,j � xij , xi,j+1 � xij)

I gx = DxI gy = DyI

TViso(x) = |rx| =
X

ij

q
(xi+1,j � xij)2 + (xi,j+1 � xij)2

TVan(x) = |rx| =
X

ij

|xi+1,j � xij |+ |xi,j+1 � xij |
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IMAGE RESTORATION
Original Noisy
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TOTAL VARIATION 
DENOISING

minimize �|rx|+ 1

2
kx� fk2minimize �krxk2 + kx� fk2
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minimize �|rx|+ 1

2
kx� fk2minimize �krxk2 + kx� fk2
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TV IMAGING PROBLEMS

Denoising (ROF)

Deblurring

TVL1

minimize �|rx|+ 1

2
kx� fk2

minimize �|rx|+ 1

2
kKx� fk2

minimize �|rx|+ |x� f |
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