MANY-VARIABLE
CALCULUS



CONTINUOUS GRADIENTS



WHY WE NEED GRADIENT

First-order conditions First-order methods

.~V [f(x)

(Gradient descent



e CALCULUS YO MONSE.
AUGHT 1O

flz,y,2) : R" > R

What letter do we use for
4th variable!

What letter do we use for
|,000,000th variable!?



DERIVATIVE

f:R*" - R™
Freshet derivative is a linear operator [) with

lim f(z+h)— f(z) — Dh %

0
|h]|—0 |h]]

A linear operator that locally behaves like f

In optimization: variables are usually column vectors
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DERIVATIVE

In optimization: variables are usually column vectors
In this case the derivative Is the Jacobian

Df: ( Dxlf ngf ngf )

D.Cljlfl DCEQf]. Dajgf].
D:cle DZUQfZ Dx3f2
D:E1f3 DCIZ‘QfS D$3f3
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GRADIENT

In optimization: variables are usually column vectors

Definition: Gradient is the adjoint of the derivative

For sealarvaltied flinetions

S
=

Df: ( a$1f7 0w2f7 aﬁl?:%f ) Vf:

8
o

QD&QDQD
~



GRADIENT

In optimization: variables are usually column vectors

Better Definition: [he gradient of a scalar-valued function Is a
matrix of derivatives that is the same shape as the unknowns

example: matrix of unknowns

11 dL12  L13 311f 5’12f a13f
r = 21 dL22 X23 Vf = 821f 5’22f 023f
31 L322 L33 831f 5’32f a33f



WHATL'S THE GRADIENT?!!

Function gradient
fz) = Az Vfx)=AT
f(z) = |l Vf(z) =22
it — %xTA:U Nifilz)i— A

symmetric A



CHAIN RULE

h(z) = fog(z) = f(g(x))

single-variable
chain rule

multi-variable
chain rule

Df(g(x)) = Df o Dg(x)

for gradients
Vfg(z)) = Vg(z)V f(g)

\ 4

Swap



EXAMPLE: LEAST SQUARES

F9(@) = 3|l Az — b|?

4 N\

f= 3 lal? Az —b =g
E v
70 AL
\ A (Az —b) /
Vg(x)V f(9)

How would you find the gradient?



IMPORTANT RULES

If

| h(x) = f(zA)
| Then

Vh(z) = f'(zA)A*
Why?
glx) =zA VgV f—¥




EAAMPLE: RIEDCE
REGRESSION

A 1
F@) = S lall® + 5|4z — b

Optimality Condition
W ) = Jas 2= A (A — ) =11

AR AL e = AT
i = (A AL T AT

55



REGULARIZED GRADIENTS

Huber regularization S

=z, for |z| < &
‘Qj| ~ h(.flj) o 2 ; .
o0(|la| — 59), otherwise

xxxxx

0
_____________

Hyperbolic regularization

z| = /22 + €2




FINITE DIFFERENCE OPERATOR

Neumann
U1 — Uy
WalE— | us — u) ‘—F‘—)‘—)‘
Us — U9
discrete E e | 05 0f
Selelemes oy g 1 1 0
operator 0 0 =y
(finrte difference) § =
Sl B
(negative) T -1 -1 0
divergence e e e |
o 0 138




GRADIENT OF TV

1
Vol + Llw - 111

l Regularize L1
h(Vz) + Sllz — £

l Differentiate

VI (Vi) + p(z - f)

h(z) = . divide component-wise
Va2 4 €2




LOGISTIC REGRESSION

. .

Data vectors L abels
{z:} {vi}
o=
Mode]
e.il?i’w
A 1 i) — i — -6 -4 =2
p(y |$ ) 0‘($ w) 1 4 exiw

Maximum Likelihood (MAP) Estimator

maximize p(w|X,Y)

minirgize Zlog(l + exp(—yi - Trw))) = fi- (Y Xw)

k=1 L7

0

2

4

6



LOGISTIC REGRESSION

minirgize Zlog(l + exp(—yi - xrw))) = fir- (Y Xw)

k=1

Break the problem down

fir (2 Zlog (1 + exp(—2x)) X =19
k=1
Coo;nate separable I}near operator
minimize  fi,.(Xw)
X
: : A —exp(—2)
o T v r —
V{ifir(Xw)} = X* Vi, (Xw) Jir(2) 1+ exp(—2)

18



NON-NEGATIVE MATRIX
FAC TORIZATION

1
e, e d = =|bar = §|I°
X>0,Y>0 2

OyE = X' (XY —9)
gyl = (XY 0 S



NEURAL NETS:
LOGISTIC REGRESSION ON STERON

o(o(o(x;W1)Wo)W3) = y3

MLP = "Multilayer Perception”

Input Hidden Output
layer layer layer

: .
e

Input #1 — O ==

o

B

- / 5 - \

Input #2 — = <y SN
XXX=0 ~()— Output

Input #3 — —

Input #4 —

In neural net land, x is a row vector!

20



GRADIENT OF NET

o(o(o(x;W1)Wa)W3) = y3

iInput layer

hidden layer 1 hidden layer 2

. ! P

o(z;W1) =y o(y1Wa) = yo o(y2W3) = y3



BIrE BY 5T

Break network apart into simple operations

Wi 01 W 09 W3  loss
Li; —>2]1—>Y1—> 29— Y2—> 23— /

f

Training
data
row vector

activations

“Pre-activations”

il



FORWARD PASS

Compute the intermediate values

Wi 01 W 09 Ws loss
Li; —>2]1—>Y1—> 29— Y2—> 23— /

S ——————_

Store the y’s for later

285



BACKWARD PASS

Let's find derivative of loss with respect to x

Wi 01 W 09 Ws loss
Li; —>2]1—>Y1—> 29— Y2—> 23— /

T

derivative
with respect to this

ot
823

i



BACKWARD PASS

Let’s find derivative of loss with respect to x

Wi 01 W 09 Ws loss
Li; —>2]1—>Y1—> 29— Y2—> 23— /

T

derivative
with respect to this

Wy 2 aZB

25



BACKWARD PASS

Let’s find derivative of loss with respect to x

Wi 01 W 09 Ws loss
Li; —>2]1—>Y1—> 29— Y2—> 23— /

T

derivative
with respect to this
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BACKWARD PASS

Let’s find derivative of loss with respect to x

Wi 01 W 09 Ws loss
Li; —>2]1—>Y1—> 29— Y2—> 23— /

T

derivative
with respect to this

WQ 0-2 Wg 623




BACKWARD PASS

Let’s find derivative of loss with respect to x

Wi 01 W 09 Ws loss
Li; —>2]1—>Y1—> 29— Y2—> 23— /

T

derivative
with respect to this

01 WQ UQWg 623




BACKWARD PASS

Let’s find derivative of loss with respect to x

Wi 01 W 09 Ws loss
Li; —>2]1—>Y1—> 29— Y2—> 23— /

T

derivative
with respect to this

W1 01 WQ UQWg 623




GRADIENT VS DERIVATIVE

demvatwe

ol
y Wl 0-1 WQ UQWg 87;3

oradient

/ /
V6. =V . 0 W3 o W, oW,



GRADIENT VS DERIVATIVE

derivative
0J4
0. Wl 0-1 W UQWg 87;3

oradient

/ /
wxlzvzgg W?)TO'Q WQTO'l WlT
——————————

“Backward pass”



oANT T Y CHECH

/ /
Ve =V . 4 W5 O W, o W,
-— W

What shape should the output be?




INSANITY CHECK:
WHAI ABOUT WEIGHTS!

Let's find derivative of loss with respect to 14/

Wi 01 @ 09 W loss

L; —>»L1—>Y1—>» 22— Y2—> 23—

Use chain rule

of Ol Oz
8W2 i 822 8W2

VW2€ — Vg/Q ng@f




INSANITY CHECK:
WHAI ABOUT WEIGHTS!

Let's find derivative of loss with respect to 14/

Wi 01 @ 09 Ws loss

L; —>»L1—>Y1—>» 22— Y2—> 23—

T

derivative
with respect to this

/
09 Wi o




INSANITY CHECK:
WHAI ABOUT WEIGHTS!

Let's find derivative of loss with respect to W/

Wi 01 @ 09 W loss

L; —>»2]1—>Y1—> 29— Y2—> 23— /




INSANITY CHECK:
WHAI ABOUT WEIGHTS!

Let's find gradient of loss with respect to W5

Wi 01 @ 09 W loss

L; —>»L1—>Y1—>» 22— Y2—> 23—

an /
Y1 ngg W3TO-2



EOMPLE | E BACKPREES

Wi 01 Wa 09 Ws loss
Li; —>2]1—>Y1—> 29— Y2—> 23— /

Vst Vil =y, V.0

V.t =V, W, o}

V.l =1y, V,. 0
Nl V., W, oL, o)

lef — :U;rvzlf

B



This seem unnecessarily complicated...

THIS 1S YOUR MACHINE (EARNING SYSTETM?

YUP! YOU POUR THE DATA INTO THIS BIG
PILE OF LINEAR ALGEBRA, THEN COLLECT
THE ANSWERS ON THE OTHER SIDE.

WHAT IF THE ANSLIERS ARE WRONG? )

JUST STIR THE PILE UNTIL
THEY START LOOKING RIGHT.

38



BEMIEMBER | AESE (SIMPLE) RUEESS




AUTOGRAD

44

'

| Y def forward(x, W):
[ nnd Linear | —* return x@W

xW

40



AU TOGRAD

44

Y
T — Linear —» | Downstream | —» €($W)
xW

Gradient with respect to input!
Vi l(zW) =0 (W)W
Vi l(zW) = 't/ (W)

“i



AUTOGRAD

l def forward(x, W):
return x@W

L — | Llnear |—  gefbackward(x, W, grad_ly):
i grad_Ix = grad_ly@W.T
grad_lW = x.T@grad_ly

V.l (aW) = 0 (aW)YWT return grad_lx, grad_IW
Vi l(zW) = z* ¢/ (zW)

27



EONVOLU TTONAL NEES

Convolution-based template matching

Matching Result Detected Point

405



EONVOLU TTONAL NEES

Input layer (S1) 4 feature maps

1 (Cl) 4 feature maps (S2) 6 feature maps (C2) 6 feature maps

| convolution layer l sub-sampling layer | convolution layer l sub-sampling layer l fully connected MLPI

Regular-old MLP: 1 = o(xz;Wh)

Fancy-schmance convnet y1 = o(z; K1) = o(z; * k1)

e 2

44



EONVOLU TTONAL NEES

Input layer (S1) 4 feature maps

1 (Cl) 4 feature maps (S2) 6 feature maps (C2) 6 feature maps

Q-

| convolution layer l sub-sampling layer | convolution layer l sub-sampling layer | fully connected MLPl

y =o(o(o(x;K1)K2)Ks3)

N (—V, IK,o5h, &

.

Adjoint of convolution

415



AU TOGRAD

W k
Y Conv Y
= Linear — e x *x k L CHS
W x K
Xk
V(W) = £ (zW)WT VoA(xK) = £ (cK)K*

Vi l(zW) =z 0/ (zW) Vi l(Xk) = X1V (XEk)

46



EONVOLU TTONAL NEES

Stencll \

- Adjoint of convolution
B T Diagonal

l Adjoint
K=FiDF —mmp M

47



EONVOLU TTONAL NEES

Stencll \

- Adjoint of convolution
B T Diagonal

l Adjoint 5
e ELDE ——— K=

|

77
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EONVOLU TTONAL NEES

Stencll \

- Adjoint of convolution
B T Diagonal

l Adjoint 5
e ELDE ——— K=

|

«— Fip(k)

Stencll
49



