GRADIENT METHODS



GRADIENT = STEEPEST

ESCENTR
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GRADIENT DESCENT

e LE1ICTs

Gradient descent

W = Gl =i

Iso-contours
gradient
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BIEPS|ZE RES TRICTICHS
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Restriction:
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RECALE

S
Lipschitz Constant for gradient

IVi(z) = V)l < Mz —y|

fo) < f(@) + - )"V (@) + oy — ol

When Hessian exists:

M > V()|



STABILITY RESTRICTION

If you know the Lipschitz Constant for the gradient

f4) < F(@) + @ — =)V (@) + -y — =

flz =1V f(z)) < f(z) =7V f(2)" Vf(z)

oradient M2

step  =f(z) ~ TI V@I + S|V ()]
e =

=f(@) + |V ()]

9
M —2r<0=717 < —
T i s M

proves convergencegin terms of gradient




BINE SEARCH METHRCOES

* Choose search direction: d
*SEARCH for stepsize that satisties SOME inequality:

-Update iterate: zFt1 = 2% 4+ 7d

Armijo condrtion

MGt rd) = f(z%) r aled) V. Azt ar &l




WOLFE CONDITIONS

Armijo condition

e Choose search direction: d = —V f(z*) don’t go too far
e Find stepsize T satistying Wolt conditions 4)
== ) = A e ala) Ve, o<
URER (e s ) Bd Vit a5
It Sl b i curvature
condition

e Update iterate: z*t1 = 2* 4+ 7d |
don't go too near

Theorem
Suppose we have the uniform bound for a convex function
Vf(rg)'d
¥ fa ] = ="
then .

lim Vf(z") = 0

k— 00 q



BINE SEARCH IN REALESS

Backtracking/Armijo line search
Choose search direction: d = —V f(z¥)

While f(z* + 7d) > f(2") + a(rd)! V f(x*)
T 7/2
Update iterate 2t = 2% + 7d

Exact line search
Choose search direction: d = —V f(z¥)

T = min, f(z* + 7d)

Update iterate 2t = 2% + 7d

®,



ROAP | IVE STEPSIZE METHICHES

Consider this simple model problem...

oradient update rule

e v () — 2" — T(ox”) 0:7:

Best choice: T = —
Q




ROAP | IVE STEPSIZE METHICHES

Consider this simple model problem...

optimal stepsize = é



o METHCE

Barzilai-Borwein Model:

) B %QETib

Vi) — Vi)~ aly — )
On each rteration, define:
8 Vi) Vi

Agx = kTl _ 2k

The model tells us Ag ~ aAzx

1
min s laAx — Agl|?

17



B8 METHOD

1
min ; laAz — Ag||?

Azl Aza — Azt Ag =0

o Azl Ag Ay NG
= T = i), s

Axt Ax AngAg

8%




BD Mt THCE

e Choose search direction: d = —V f(z")

e Compute BB step: 7% = ﬁizﬁz

e While f(z” + 7%d) > f(z*) + m°ad" V f(z")
D)

e Update iterate: 2"t = 2% + 7d

For some smooth problems, BB method is superlinear,
.e. for large enough k

Fh) = fr < O(f(ab) - )7
forsome ' >0 ,and p>1

This rate is asymptotic, and not global



BONVERGENCE RAT E: EXAGE
LINE SEARCH

Strong convexity f(y) > f(z) + (¥ — z)" V() + %Hy — 2

Lipschitz bound f(y) < f(x) + (y — x)TVf(x) | ]\24 |y — xHZ

By oy o
=g = =t — N )
k-+1 : k k\T sy . A k(|2
F(e ) < min f(a*) - 7V £V ) + L VA

155



BONVERGENCE RAT E: EXAGE
LINE SEARCH

,7_2
f@**) < min f(z*) — 7V F ()T V() + TV F )P
>l
b
F@*) < f(a*) — oIV AEH)2

F@**) - £ < fa*) - £ 2Mw<xk>2>

‘\/

Optimality gap Write In terms of optimality gap

. so we get relative change



STRONG CONVEXITY
BOUND

FEHY) = 17 < FF) = 7 = SV AP

Strong convexity constant
m
fy) 2 f@)+ (y—2) V@) + S lly — =l

2
@himalt: y-—z° = —in(a:k)
1 i 1
* k kE\|l12 | k\|l2
f@*) > F@) — —IVFER)I + 5 V(&)



STRONG CONVEXITY
BOUND

F@) — £ < f(5%) — £ — V)P

2m(f(2") = f(z*)) < [IVf(=")]7

\/\/hl%t’s s



STRONG CONVEXITY
BOUND

e - < (1- ) (FH) - )

By induction

fat) -1 < (1= 3) () - 7)

Theorem
Gradient with exact line search satisties linear convergence
when the objective Is strongly convex
k
1
fa - < (1= 1) (60 - £

K

A_ ____Condition number



ERADIEN | DESCENT USES
CONTOURS

Gradients are perpendicular to contours
=




POOR CONDITIONING:
CONTOUR INTERPRETATION

x = 100 Contours are (almost) parallel

1




GRADIENT DESCENT:
BVEAKLY CONVEX PROBLENS

All methods so far assume strong convexity...

Strong convexity
For strongly convex problems: f constant

fat) =< (1= 2) () - 1)

For weakly convex problems:

M||z? — z*|7

k—l—]. o * <
il ) — = P Slow
(worst case)

il



Al S [ R1E BEST WE CFe
DO

Goal: put worst-case bound on convergence of first-order
methods

Definrtion: a method is first-order it

zy € span{z’, Vf(2°), Vf(z'),---,Vf(z" 1)}

Theorem: ror any first-order method, there 1s a smooth
function with Lipschitz constant M such that

SM||z° — x*||?
32(k + 1)?

f(z®) = f(x*) >

Nemirovsky and Yudin, 82'

285



RO

T he worst function in the world
fol@) = ( o 2_: e )
1 9 — +1 2 1

miniMizer
e — ol A e

fa(@") = g (ni1 1)

L



RO

The worst function in the world

1 — 1
fn(:(;) ( ZEl = 5 Z e ZU@+1 53?721 T 2131)

L 1
— 1
8<n 1 >

After rteration k

x; =0, forz > k

Consider function with n=2k variables

L

B =iz > 3

1
fanle™) = g (2/@—% 1

)

e ]
()



RO

Consider function with n=2k variables

e = .(z") > 3 (k—— 1 1)

lowest possible true
energy on step k ) { solution
k * - L .
ol — fop(z™) o SR~ Z42) 3L
[0 -z 2 = I(k+2)  32(k+1)

B at O 2%



NES [EROV'S ME TREES
ACHIEVES THE BOUND

Gradient Nesterov
Lo Lo
N xl
2 1




NES T EROV'S METHICHS

1 _ 1+ /4(ak)?2 +1 Prediction

( “ 2 step
Momentum k1
parameter yRtl = ghtl (2F ! — 2F) «—

PR

Momentum
term

28



| IMAL CONVERGENES

Theorem: [he objective error of the kth iterate of Nesterov's
method I1s bounded by

: oy < 22 — |
f@) = 1@") s — g

This worst case doesn't mean much. ..
N practice adaptive convergence Is faster

i



POOR CONDITIONING:
FUNCTION INTERPRETATION

di = - d; = 50

| 0 lllllllll
1 30 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1



POOR CONDITIONING:
FUNCTION INTERPRETATION

Big step
1
BT

. omall step 7=

0 | | | | | | | | |
1 3' -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1



THIS IS ALWAYS HAPPENING!

e, |
minimize —z!Hz +glz

2
> EVD
1

minimize §£IZ‘TUDUT$ + gtz
Y — Ulx

S L o T
mimnimize -y Dy+ (U g y—z

B



PRECONDITIONERS

f(Py)

A — It
minimize

f(z)

minimize

PIHP

Hessians

P
roy
L~
lr
C\;,:
N :
\y
Ity :,_
hi \
thy ,F,
iy f__.
! N \
I, ,:;
MR |
Creoa Y,
ity N
:q__ /2_—
\:_\: ,,;,,
i \ ,_,:
i, AT
Iy |
[ P
::~ ,:
I _:F
I L
' I
)y ,Z:
o~ ‘s | ,__:
[ -
~
_lx__ | ~ "
\A.w_ \ _wi _—_,d
@ 0, |
_ h
____ / __:
L7\ /1
__. ~ \
I
1 ‘
1.\ \ / _,
_ s
___ \ s /
__ \ N
/7
,f/ N o - /o
\ \ \\ I
\ I /
Ny -~

B5)

Figures from Boyd and Vandenbergh



BIE DES | PRECONDI IO

A — It

minimize f(x) minimize f(Py)

H Hessians Pl'gp

p=H1/2 <

B = F Mg = ]

B



SVD INTERPRETATION

1 1 1 1
i — §azTHx = §:CTUDUTx — §$TUD1/2D1/2UT33 = §yTy
y = DV2UTy
v =UD"Y2%y = Py
Vol
Rotation Stretch

||||||||||||||||||||
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NEWTON'S METHOD

Q= H_l/Qy
minimize f(z) =P minimize f(H_l/zy)
oradient step
yk—l-l oy yk i H—l/Qvf(H—l/ka)

change variables back to x
H—l/Zyk—l—l e H—I/ka e H—l/QH—l/Qvf(H—l/Zyk)

et = oF — IV f(2F)

Newton direction

There are many interpretations. ..



GEOMETRIC INTERPRETATION

minimize f(z) = f(z®) + (x — ") g + %(az SR —

Derivative: ¢+ H(z — z) =0

Zlfk_l_l i ZE’k 3 H—lg

fe®) + (z—2") g+ (¢ — z*)" H(z — 2%)




CLASSICAL NEWTON
P L

Newton's method = Algorithm for root finding

g(r) =0
Al g(mk)
g'(x*)

For nonlinear system of equations
g(z) = g(2") + (z — 2%)" Vg(2")
z* T = 2" — Vg(z®) " g(x)

38



NEW ITON METHOD FOR
OPTIMIZATION

Vf(x)=0
Taylor's theorem

f@) ~ (=~ )TV + 5 (@ — 28T V2 f(ah) (@ - o)

2
éfrivatve Linear approximation of gradient

Vif(z) = Vi(z®) + V2f(«") (@ — «*) = g + H(z — =) =W

ij+1 fii Zl?k i H—lg J

57



BIPLE RATE ANALTSE

Eelinathe’erron ol = o S

Assume f € C?, €* is sufficiently small, and strong convexity.
0=Vf(z*)=Vf(a" €)= Vf(z*) — He* + O(||e"|*)

Multiply by Inverse hessian
0=H'Vf(z") —e" +O(||e"]*)
note: et = ¢ HmE AR EA

e” = 0(lle"[1*)

Fletcher, Practical Methods of Optimizatio



DAMPED NEW TON METHOD

e Choose search direction: d = —V?f(2*)"tV f(z")

e Iind stepsize 7 satistying Wolf conditions

flz® +71d) < f(&®) + a(zd) ! Vf(zF), a<1

e Update iterate: "1 = 2% + 7d

Predicted
T < 1 = Damped step objective
7 =1 = Full Newton change In
Newton

5 direction



DAMPED NEW TON METHOD

Theorem

Suppose we have a Lipschitz constant for the Hessian
V2 f(2) = VAWl < Lullz - y|

When the gradient gets small enough to satisfy

m2

V£ < 3(1 - 20)

...the unit stepsize is an Armijo step, and
(T=1)

Ly
2m2

T 2
k+1 H k
V5] < (51956
o see Boyd and Vandenberghe



NEW TON IN THE WILD

In practice Hessian might be indefinite

T you start at a point of negative
curvature, the Newton goes up!

(negative) search direction: must form
an acute angle with the (negative) gradient

gld >0

VWe can use any SPD matrix to approximate Hessian
i ﬁ_lg

gld= gTﬁ_lg > ()

405



MODIFED HESSIAN

We can use any SPD matrix to approximate Hessian

Levenberg-Marquardt H=H+~I

Add a large enough multiple of the identity to the Hessian that it
becomes SPD

Modified Cholesky Begin with partial Cholesky

T 0% 8
H%L(OB>L

Replace B with a SPD matrix J

44 See Fang & O'leary, 06



