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Abstract

This paper presents a local algorithm for solving theuni-
versal parametric real-time model-checking problem. The
problem may be phrased as follows: given a real-time sys-
tem and temporal formula, both of which may contain pa-
rameters, and a constraint over the parameters, does ev-
ery allowed parameter assignment ensure that the real-time
system satisfies the formula? Our approach relies on trans-
lating these model-checking problems into predicate equa-
tion systems, and then using an efficient proof-search algo-
rithm to solve these systems. Experimental data shows that
our method substantially outperforms existing approaches
for systems that contain errors, while exhibiting compara-
ble behavior for systems that are correct. This fast error-
detection capability of our technique makes it especially in-
teresting for design approaches in which model checkers are
used “early and often” to detect design errors in an ongo-
ing manner.

1. Introduction

Real-time model checking [1, 5, 20] has received a lot of
attention in the past 15 years. In the traditional formulation
of the problem, one is given a real-time system modeled
as a timed automaton, and a specification as a formula in
temporal logic, and is required to determine whether or not
the system satisfies the formula.

In practice, system models often contain parameters
that can be adjusted to tune model behavior. In automo-
tive and aerospace applications, these parameters are of-
ten referred to ascalibration parameters. For example, in
an automobile-engine controller one calibration parameter
might describe the number of cylinders in the engine, while
another might be the maximum allowed revolutions-per-
minute the engine can undergo. Setting these parameters
to different values allows the same model to be “deployed”
for different engine models. These calibration parameters

are also usually equipped with constraints on their allowed
values; the number of cylinders might be restricted to 4, 6
or 8, for example, while the maximum RPM setting might
be constrained to fall in the interval[7000, 8000]. Model
checking such a parameterized system would require check-
ing model correctness for all parameter settings against a
temporal formula that may also involve the same parame-
ters.

The goal of this paper is to develop an efficient, gen-
eral framework for checking a parameterized model against
a formula. We call this problem theuniversal paramet-
ric real-time model-checkingproblem because, in contrast
with other work on parametric real-time systems, our inter-
est is in determining whether or noteveryparameter setting
consistent with parameter constraints leads to correct be-
havior. A naive approach to the universality problem is to
test each parameter assignment. For each parameter valu-
ation, one needs to perform the model-checking algorithm
once. Such a computation might be prohibitive, since the
number of possible parameter valuations may be very large.
We present a local parametric model-checking algorithm for
solving such a general problem symbolically, which only
needs one execution of the model-checking process.

Several parametric real-time analysis problems have
been investigated. Theemptinessproblem is the following:
given a parameterized real-time system having parametric
bounds on delays, and a state in the real-time system, is
there an assignment of values to the parameters such that
the the desired state can be reached? This problem is known
to be undecidable in general [6], although for dense time
systems with single parametric clock, decision procedures
exist. Theconstraint synthesisproblem is related to our uni-
versality problem: given a parametric real-time system and
formula, derive the most-general constraints over parame-
ters that make the model-checking problem successful. This
problem is studied in [4, 9, 10, 14, 15, 18, 21, 29, 30, 32].
Although the constraint-synthesis problem for timed CTL
with parameters appearing only in formulas is decidable,
the same does not hold for timed automaton with parameters



in general. For example, [15] showed that the model check-
ing of parametric timed CTL is undecidable over timed au-
tomata with only one parametric clock. Theoptimization
problem is to find the optimal valuations of parameters ac-
cording to given criteria and is considered in [4, 33].

All of these problems differ from the one considered here
in that noa priori constraints on parameters are considered
as given. In our experience with a variety of automotive and
aerospace companies, however, such constraints are always
present, and indeed are often specified even before the para-
metric model is constructed. The current work is intended
to initiate study into this problem and offer a solution in
certain practically relevant cases.

The main contribution of the paper is a local parametric
real-time model-checking algorithm. Our approach encodes
the model-checking problem with predicate equation sys-
tems (PESs). The solving of PESs is performed by provid-
ing a valid proof (i.e. successful tableau) for an initial pred-
icate. In contrast with other real-time model-checking tech-
niques, which employ either ”forward” or ”backward” anal-
ysis techniques, our proof search technique works in a com-
bined forward / backward style. Proofs are constructed in a
goal-directed, ”forward” manner, with information obtained
in one branch of proof construction allowed to flow ”back-
ward” to improve proof construction in other branches. The
forward component of our strategy supports early termina-
tion in case errors are detected, while the backward element
enables efficient computation when no errors are present.
Experimental data shows that our algorithm significantly
outperforms other existing tools for erroneous specifica-
tions, while having comparable performance when there are
no errors. Since the universal problem can be seen as the
dual of the emptiness problem, it is impossible to provide an
algorithm which could terminate with more than two para-
metric clocks (even the decidability of the case with two
clocks is open). However, our solution procedure does ter-
minate when parameter constraints take the form of finite
sets: a restriction we impose in this paper.

Among existing real-time model-checking works, the al-
gorithms of [25, 26] are most related to ours in the sense
that theirs also works in a forward / backward way to refine
regions. Our method is somewhat different in being based
on proof search; this basis permitted us to identify situa-
tions, specifically in the checking of invariance properties,
in which we can avoid clock-zone-splitting operations that
their algorithm requires. Consequently, we conjecture that
our algorithm will significantly outperform those, although
the absence of publicly available implementations of these
tools prevented us from assessing this empirically.

2. Parametric Timed Automata

To model parametric real-time systems, we useparamet-
ric timed automata. We began by introducing some termi-
nology and notation.

Throughout letC be a finite set of clock variables ranging
overx, y, . . . , Act a finite set of actions (transition labels),
P a finite set of parameter variables ranging overa, b, . . . ,
andα, β linear terms defined overP and integer constants
in the usual way: each has formn +

∑

i niai wheren and
eachni are integer constants and eachai ∈ P . The set of
state predicatesis defined by the grammar.

ϕs := α ∼ β | x ∼ α | x− y ∼ α (1)

where∼∈ {<,≤,=,≥, >}. A parameter may assume any
value in a fixed finite set of integersV (in practice different
parameters would have different domains, but for simplicity
in this paper we assume a single domain of possible values
for all parameters). We write the set of state predicates as

Φ. Throughout we letD
def
= R

+ ∪ {0} be the set of possible

durationsandX
def
= C ∪ P .

A parameter valuationis a mappingω ∈ VP (recall that
VP is the set of mappings fromP to V) that assigns a value
to each parameter. Given a parameter valuationω, asystem
stateρ ∈ DX satisfies:ρ(a) = ω(a) if a ∈ P . If ρ is a
system state andδ ∈ D thenρ+ δ is the new stateρ[x1 :=
ρ(x1)+ δ, . . . , xn := ρ(xn)+ δ], which updates each clock
variablexi with a new valueρ(xi) + δ and agrees withρ
otherwise. State predicates are interpreted with respect to
system states in the usual fashion; we writeρ |= ϕ when
this is the case.

Definition 2.1 A parametric timed automaton(PTA) is a tu-
pleT = 〈S,R,L, SI〉, where:

1. S is a finite set of control locations;

2. R ⊆ S×Φ×2C×Act×S is a finite set of transitions,

3. L ∈ ΦS is a mapping that assigns to each location a
state predicate, called theinvariant for that location,
in Φ;

4. SI ⊆ S are the initial locations

Intuitively, time can elapse in a location only as long as its
invariant remains true; when the current location iss, a tran-
sition〈s, ϕ, C, λ, s′〉 may be executed when the trigger con-
ditionϕ is satisfied, with the clocks inC being reset to 0 and
control location switched tos′.

Semantically, given a parameter valuationω ∈ VP , a
parametric timed automatonT = 〈S,R,L, SI〉 can be in-
terpreted as aconcrete transition system.



Definition 2.2 A concrete transition system(CTS) is a tuple
〈Σ, V,→c,ΣI〉, whereΣ is the set of states,V : Σ → DX

the valuation function,→c⊆ Σ × (Act∪ D) × Σ the tran-
sition relation, andΣI ⊆ Σ the set of start states.

Givenω andT , CTSCω,T = 〈Σ, V,→c,ΣI〉 is defined
as follows.

1. Σ = {〈s, ρ〉 ∈ S × DX | for eacha ∈ P , ρ(a) =
ω(a)}.

2. V (〈s, ρ〉) = ρ.

3. There are two types of transitions inCT .

(a) Time advance:〈s, ρ〉
δ
−→c 〈s, ρ′〉 for δ ∈ D iff for

all 0 ≤ δ′ ≤ δ, ρ+ δ′ |= L(s).

(b) Transition firing: 〈s, ρ〉
λ
−→c 〈s′, ρ′〉 iff there is

〈s, ϕ, C, λ, s′〉 ∈ R with: ρ |= L(s) andρ |= ϕ

andρ′ = ρ[C := 0]

4. σI = {〈sI , ρ〉 | sI ∈ SI , ρ |= L(sI) andρ(x) =
0 for eachx ∈ C}

3. The Real-Time Modal Mu-Calculus

To specify system properties, we use a real-time exten-
sion of the modal mu-calculus derived from [25]. Our for-
mulas are defined usingmodal equation systems(MESs),
which consist of blocks of equations of the formX = φ,
whereX ∈ X is a formula variable andφ is a formula de-
fined by the following grammar.

φ ::= ϕs | φ1 ∨ φ2 | φ1 ∧ φ2 | 〈λ〉φ | [λ]φ

| ∃φ | ∀φ | x.φ | X

In the above,λ ∈ Act is an action whilex ∈ C is clock.
Operators〈λ〉φ and[λ]φ are called modal operators; these,
together with∨ and∧, are standard from the propositional
modal mu-calculus [23].ϕs is a state predicate;x.φ is a
resetoperator; and∃φ and∀φ allow us to reason about time
successors of a state. This logic is expressive enough to
include many timed temporal logics, including TCTL.

The definitionfpv(φ) of free formula variables inφ is
standard. We call a formulaφ formula-closedif fpv(φ) =
∅. While negation is restricted in the logic, every formula-
closed formulaφ has a formulanot(φ) that is semantically
equivalent toφ’s negation.

MESs define a mutually recursive family of formulas,
one for each equation. Since a given equation can have sev-
eral solutions, blocks in MESs are equipped with an indi-
cation as to whether the “least” (most restrictive) “greatest”
(most permissive) solution is intended.

Definition 3.1 An equation blockhas form〈p,E〉, where
p ∈ {µ, ν} is theparity indicatorandE = 〈E1, . . . , En〉 is
a finite sequence of equations of formXi = φi, with theXi

distinct formula variables and eachφi a formula.

In an equation block〈p,E〉, p determines whether the
“greatest” (ν) or “least” (µ) solution of the equations is in-
tended. The parityp is also called the parity of the variables
defined in the block. An equation may also be written in
the form ofX

p
= φ, wherep indicates the parity. We write

lhs(B) = {X1, . . . , Xn} for the left-hand-side variables in
blockB andrhs(B) = {φ1, . . . , φn} for the right-hand-side
predicates.

Definition 3.2 A modal equation systemis a finite se-
quence〈B1, . . . , Bn〉 of equation blocks with the property
that if i 6= j, thenlhs(Bi) ∩ lhs(Bj) = ∅.

The notions oflhs andrhs can be extended in the obvious
manner to MESs. We call an MESM formula-closedif
⋃

φ∈rhs(M) fpv(φ) ⊆ lhs(M).
The semantics of modal mu-calculus formulas is given

with respect to a CTSC = 〈Σ, V,→c,ΣI〉, and takes the
form of a relationσ |=C,θ φ, which, given an environment
θ : X 7→ 2Σ mapping formula variables to sets of states,
determines whether or not CTS stateσ satisfiesφ. This
relation is given as follows (obvious cases omitted).

σ |=C,θ ϕs iff V (σ) |= ϕs

σ |=C,θ X iff σ ∈ θ(X)
σ |=C,θ φ1 ∨ φ2 iff σ |=C,θ φ1 or σ |=C,θ φ2

σ |=C,θ ∃φ iff ∃δ s.t.σ
δ
→c σ

′ ∧ σ′ |=C,θ φ

σ |=C,θ 〈λ〉φ iff ∃σ′ s.t.σ
λ
→c σ

′ ∧ σ′ |=C,θ φ

σ |=C,θ [λ]φ iff ∀σ′ s.t.σ
λ
→c σ

′, σ′ |=C,θ φ

σ |=C,θ x.φ iff σ |=C,θ pre(φ, x := 0))

In the last clausepre(φ, x := 0) is the weakest precondi-
tion transformer; in effect,pre(φ, x := 0) transformsφ by
replacing each occurrence ofx by 0. The definition is con-
ceptually simple but notationally complex due to the pres-
ence of equations, so its formal definition is omitted here.
We define[[φ]]C,θ = {σ | σ |=C,θ φ}. We may now ap-
ply the general fixpoint-equation system theory, as elabo-
rated in [27] to define the semantics of MESs. The basis of
the definition is the semantics of a single block in an MES.
According to Knaster-Tarski fixpoint theorem [28], every
monotonic function over a complete lattice has a unique
least fixpoint and a unique greatest fixpoint. As shown, for
example, in [27], these fixpoints may also be interpreted as
the “least permissive” and “most permissive” solutions to
systems of equations defined over lattices. In the case of an
MES block, the lattice in question is the set of environments
mapping left-hand side variables to subsets ofΣ, with the



lattice ordering being the point-wise extension of set con-
tainment to environments. The MES induces a monotonic
function on this lattice that evaluates each right-hand side
in the MES in the context of the “argument environment”
and constructs an environment assigning these values to the
appropriate left-hand side variables. These ideas can then
be used to give semantics to lists of blocks; the details are
complicated but not deep and can be found in [27].

The greatest and least fixpoints of monotonic functions
also have iterative characterizations that give rise to appro-
ximation-based approaches to computing them, when they
can be computed. In the case of the least fixpoint of a mono-
tonic functionf , one starts with the least element in the
lattice (⊥) and repeatedly appliesf (f(⊥), f(f(⊥)), etc.)
until the result does not change; this “fixed” result is the
least fixpoint. Characterizing the maximum fixpoint is the
same, except that the initial value is the maximum element
of the lattice. In the case of MES blocks, the least value
is the environment assigning∅, the empty set of states, to
each variable, while the greatest value is the environment
assigningΣ, the complete set of states, to each variable.

We use[[M ]]C,θ to represent the semantics of MESM
with respect to CTSC and an environmentθ that is used to
interpret free predicate variables inM . If M is formula-
closed then[[M ]]C,θ(X) = [[M ]]C,θ′(X) for any X ∈
lhs(M) and θ, θ′, and we write[[M ]]C for this value. It
also follows that ifM is formula-closed andψ is such that
fpv(ψ) ⊆ lhs(M), then [[ψ]][[M ]]C,θ

= [[ψ]][[M ]]C,θ′
for any

θ, θ′. When this holds we use[[ψ]]C,M for this value, and
we writeσ |=C,M ψ if σ ∈ [[ψ]]C,M .

As an example, the following MES states that “after per-
forming the gatedownaction, it is always possible to raise
up the gate within5 units of time” [25].

{

Y
ν
= ∀[−]Y ∧ ∀[down]z.X

X
µ
= ∃〈up〉(z ≤ 5) ∨ (∀[−up]X ∧ ∃〈−up〉tt)

The notation [−] is a shorthand for
∧

a∈Act[a],
while [−up] stands for

∧

a∈Act−{up}[a] and 〈−up〉 for
∨

a∈Act−{up}〈a〉. Intuitively, [−up]φ holds of a state if ev-
ery action transition labeled by something other thanup
leads to a state satisfyingφ.

The definition ofCω,T implies an immediate interpreta-
tion of the mu-calculus with respect to PTAT . In addition
to the other notations defined for the mu-calculus, we also
introduce the following. Letφ be a mu-calculus formula,
ands a control location in PTAT , and letθ be a mapping
of mu-calculus formula variables to sets of states inCω,T .
Then[[φ]]θ(s) = {ρ | 〈s, ρ〉 ∈ [[φ]]Cω,T ,θ for all ω}. That is,
the “semantics” of a control locations vis à vis a formula
is the set of system states that, when combined with loca-
tion s, make the formula “true”, regardless of the parameter
assignmentω. Similarly, if M is a formula-closed MES,

andφ is a mu-calculus formula withfpv(φ) ⊆ lhs(M), we
write [[φ]]T,M (s) for {ρ | 〈s, ρ〉 ∈ [[φ]]Cω,T ,M for all ω}. In
this case, we also say that PTAT satisfies a mu-calculus
formulaφ with respect to equation systemM under initial
(state-predicate-specified) conditionϕ (writtenT |=ϕ

M φ) if
for all sI ∈ SI , {ρ | ρ |= ϕ} ⊆ [[φ]]T,M (sI).

4. Predicate Equation Systems

In this section we introduce predicate equation sys-
tems (PESs), which will be the vehicles we use for solving
the universal parametric model-checking problem. PESs
are like MESs whose right-hand sides of PESs are predi-
cates. Each equation of PESs takes the form ofX = φ,
whereX ∈ X is a predicate variable andφ is predicate de-
fined by the following grammar.

φ ::= ϕs | φ1 ∨ φ2 | φ1 ∧ φ2 | X | φ[A] | ∃x.φ | ∀x.φ

In the preceding,ϕs is a state predicate,x is a duration vari-
able (i.e. can assume any value a clock can), andA is an
assignment of formx1 := e1, . . . , xn := en, wherexi is a
clock andei is a (linear) term over clock variables. All op-
erators are the usual ones, except forφ[A]. As the account
above allows for the use of predicate variables, substitution,
φ[A], which is usually a derived operation, must be included
as an operator in the language (since, e.g.,X [x := e] cannot
be rewritten).

The notionfpv of free predicate variable can be adapted
from MESs in the obvious manner. We call a predicateφ

predicate-closedif fpv(φ) = ∅.
The semantics of predicates and PESs can be adapted

from MESs in the obvious way. Now the lattice in ques-
tion is 2D

X

(i.e. the lattice of sets of system states, or-
dered by set inclusion). A given predicate formulaφ con-
taining free predicate variableX , in the context of a pred-
icate environmentθ, may be seen as a monotonic func-
tion fθ over this lattice as follows:fθ(S) = [[φ]]θ[X:=S].
Given a “starting” environmentθ, the semantics,[[P ]]θ, of
PESP is an environmentθ′ that, for any equationX = φ

of P , satisfies: θ′(X) = [[φ]]θ′[X:=θ′(X)]. and is appro-
priately extremal. Note that ifP is predicate-closed, then
[[P ]]θ(X) = [[P ]]θ′(X) for anyX ∈ lhs(P ) andθ, θ′, and
if φ is additionally a predicate withfpv(φ) ⊆ lhs(P ), then
[[φ]][[P ]]θ = [[φ]][[P ]]θ′

for anyθ, θ′. In this case we write[[φ]]P
for this common value, and ifρ ∈ [[φ]]P we represent this
notationally asρ |=P φ.

5. From Parametric Model Checking to Predi-
cate Equation Systems

The universal parametric model-checking problem may
be phrased as follows: given a PTAT , formula-closed MES



M andX ∈ lhs(M), and a constraintϕ over parameter
and clock variables, doesT |=ϕ

M X? This section shows
how to translate this question into an equivalent one in-
volving PESs. The key problem to be addressed is the
symbolic representation of the set[[X ]]T,M (sI) for every
sI ∈ SI . This is achieved by constructing a PES equation
for each location inT and equation inM . Formally, we de-
fine a functionF that, given a PTAT and formula-closed
mu-calculus equation systemM , yields a predicate-closed
PESF (T,M). F is applied on a block-by-block basis;
that is,F (T, 〈B1, . . . , Bn〉) = 〈F (T,B1), . . . , F (T,Bn)〉.
F (T,B) = F (T, 〈p,E〉) in turn yields a predicate equation
block of form 〈p,E′〉, where for each equationX = φ in
E and control locations in T , there is an equation of form
Ys,X = F (s, φ) in E′. F (s, φ) is defined in the following.

F (s, ϕs) = ϕs

F (s, φ1 ∨ φ2) = F (s, φ1) ∨ F (s, φ2)
F (s, φ1 ∧ φ2) = F (s, φ1) ∧ F (s, φ2)
F (s,X) = Ys,X

F (s, ∃φ) = ∃d ≥ 0.(F (s, φ)[x̄ := x̄+ d])
F (s, ∀φ) = ∀d ≥ 0.(F (s, φ)[x̄ := x̄+ d])
F (s, x.φ) = F (s, φ)[x := 0]
F (s, 〈λ〉φ) =

∨

{ ϕ ∧ (F (s′, φ)[C := 0]) |
〈s, ϕ, C, λ, s′〉 ∈ R }

F (s, [λ]φ) =
∧

{ ϕ → (F (s′, φ)[C := 0]) |
〈s, ϕ, C, λ, s′〉 ∈ R }

Theorem 5.1 Let T = 〈S,R,L, SI〉 be a PTA and letM
be a formula-closed MES. Then for anys ∈ S and any
X ∈ lhs(M), [[X ]]T,M (s) = [[Ys,X ]]F (T,M).

It follows thatT |=ϕ
M X iff the statementDX = [[ϕ →

∧

sI∈SI
YsI ,X ]]F (T,M) is true;

6. On-the-Fly Parametric Real-Time Model
Checking

This section introduces a goal-directed proof system
for solving universal parametric real-time model-checking
problems encoded as PESs. The proof system is intended

to establish when a set of predicate-closed formulasΦ
def
=

{φ1, . . . , φn} implies a formulaψ containing predicate
variables from a PES. The proof rules operate onsequents
of the formΦ ⊢P ψ; a valid proof of such a sequent indi-
cates that[[

∧

Φ → ψ]]P = DX (i.e. the implication is a
tautology). The rules are given in Fig. 2 and use the fol-
lowing syntactic conventions: conclusions are also written
above subgoals, which are separated by a “;” .φ, φi, ϕ, s, s

′

are predicate closed, whileψ, ψi need not be, andΦ, φ is
short-hand forΦ ∪ {φ}. Also note thats, s′ areplacehold-
erswhose meaning will be clear later.

Letφ be a predicate-closed formula andA
def
= [x̄ := ē] an

assignment. Then thestrongest postcondition, post(φ,A),
of φ wrt A is defined as

post(φ, x̄ := ē)
def
= ∃v̄.(x̄ = (ē[x̄ := v̄]) ∧ φ[x̄ := v̄])

Note thatφ ⊢P ψ[x̄ := ē] is valid if and only ifpost(φ, x̄ :=
ē) impliesψ. We also have two derived operators, where

pre(φ,A)
def
= φ[A] is the weakest precondition operator.

• suct(φ)
def
= ∃δ.post(φ, x̄ := x̄ + δ), time successor of

φ.

• pret(φ)
def
= ∃δ.pre(φ, x̄ := x̄+ δ), time predecessor of

φ.

φφ

pret(φ)

suct(φ)

xx

y y

Figure 1. The graphic representation of
pret(φ) and suct(φ).

Rules∨1–∧ are familiar from the predicate calculus;
Rule C is for predicate variables. Instead of a cut rule [12]
for the reasoning of case splittings like the following,

Φ ⊢P ψ

Φ ⊢P φ ; Φ, φ ⊢P ψ

(which in general can not be automated), we defer the com-
putation of these predicates by introducing placeholders for
them in Rule∨ and Rule∃1 and using a “backward” anal-
ysis of the proof tree to infer values for these placeholders
(see Rules∃2, ∀2, []2). This strategy is inspired by thesplit-
ting technique used in [25].

Rule∨ distributes the proof obligation into two subgoals
by introducing a placeholders in the left subgoal. The split-
ting constraints is first computed through the left subtree
and then the negation ofs is fed into the right subsequent.
For example, in Figure 3(b),s might bex ≤ 4.

Rule∃1 eliminates the existential quantifier by introduc-
ing a placeholder. The right subsequent is used to tell the
validity of the splittings derived from the left subtree. For
example, in Figure 3(a),s might be the shaded region.

Rules∀2, ∃2 and []2 all have a right subgoal which is
used to compute the weakest splitting constraintss from s′.



∨1
Φ ⊢P ψ1 ∨ ψ2

Φ ⊢P ψ1
∨2

Φ ⊢P ψ1 ∨ ψ2

Φ ⊢P ψ2
∨3

Φ ⊢P φ ∨ ψ

Φ, not(φ) ⊢P ψ
∨4

Φ ⊢P ψ ∨ φ

Φ, not(φ) ⊢P ψ

∨
Φ ⊢P ψ1 ∨ ψ2

Φ, s ⊢P ψ1 ; Φ,¬s ⊢P ψ2
∧

Φ ⊢P ψ1 ∧ ψ2

Φ ⊢P ψ1 ; Φ ⊢P ψ2
CALL

Φ ⊢P X

Φ ⊢P ψ
(X

def
= ψ ∈ P )

∀1
Φ ⊢P ∀δ.ψ[x̄ := x̄+ δ]

suct(Φ) ⊢P ψ
∀2

Φ, s ⊢P ∀δ.ψ[x̄ := x̄+ δ]

suct(Φ), s′ ⊢P ψ ; suct(Φ ∧ s) ⊢P suct(Φ) ∧ s′

∃1
Φ ⊢P pret(ψ)

suct(Φ), s ⊢P ψ ; Φ ⊢P pret(s)
∃2

Φ, s ⊢P pret(ψ)

suct(Φ), s′ ⊢P ψ ; s ⊢P pret(s′)
[]1

Φ ⊢P ψ[A]

post(Φ, A) ⊢P ψ

[]2
Φ, s ⊢P ψ[A]

post(Φ, A), s′ ⊢P ψ ; s ⊢P pre(s′, A)
LEAF Φ, s ⊢P ϕ











if Φ → ϕ a tautology, s
def
= true

if Φ → ϕ a contradiction, s
def
= false

otherwise s
def
= ϕ

Figure 2. A local approach for parametric real-time model ch ecking.

y y

Φ

ψ

ba

Φ

ψ1

ψ2

0 0 xx43 4

Figure 3. Examples for Rule ∃1 and ∨

The rules also share an implicit side condition: they may
only be applied tonon-leafsequents. These are defined as
follows.

Definition 6.1 Let σ be a sequent of formΦ ⊢P ψ. Then
σ is a (successful) leafif one of the following conditions
holds. (a).ψ is a state predicate. (successful if

∧

Φ → ψ

is a tautology). (b).ψ ∈ Φ (always successful). (c).ψ =
X with parity p, and there is another sequentσ′ of form
Φ′ ⊢P X on the path from the root node of the proof toσ
with the property that noσ′′ : Φ′′ ⊢P X ′′ such thatX ′′ has
parity different thanp andX ′′ is defined in an earlier block
in the PES thanX , andΦ logically impliesΦ′. Such a leaf
is successful if the parity ofX is ν.

The definition of (successful) leaf is based on one given
in [22], which also gives a success criterion for leaves in-
volving µ-formulas. This criterion is not needed in this pa-
per, so we omit further mention of it.

A proof (calledtableau) built using these rules isvalid if
and only if it is finite, every path ends in a leaf, and every
leaf is successful. The following is true.

Theorem 6.2 (Soundness)If Φ ⊢P ψ has a valid proof,
then[[

∧

Φ → ψ]]P = DX .

In general, the proof rules will not be complete for arbi-
trary parametric model-checking problems. However, when
the PES is generated from a (parametric) timed automaton
and a (parametric) timed mu-calculus, and all parameters
take values from finite sets, then completeness does hold.
The proof follows from the finiteness of the number of dif-
ferent regions in the systems [2] and an argument for fix-
point approximation similar to [20, 22].

7. Experimental Results

We have implemented a prototype, which we call CWB-
PRT, of the above-mentioned algorithm. The effort took
approximately one month, with two weeks devoted to an
implementation of aparametric difference bound matri-
ces (PDBMs) [21] package and the rest to building the
proof-search infrastructure. C++ was used as the imple-
mentation language. PDBMs are a data type extending
difference bound matrices (DBMs) [17], which are used
to record clock differences for (non-parametric) real-time
model checking. PDBMs are basically DBMs, where the
matrix entries are linear parameter terms rather than con-
stants. We used the Omega Library [24] as our decision pro-
cedure for inclusion checking between these linear terms.

The algorithm uses a depth-first search technique with
caching. The proof rules in Figure 2 are used to generate
sequents needed to be proved next in order for the goal se-
quent to be true. The cache contains sequents that have
either been proved or disproved, or are currently assumed
to be true. When a sequent is generated, the cache is first
checked to see if it is implied by something in the cache; if
this is the case, then no more searching is necessary for this



sequent. If the sequent is not in the cache, it is added into
the cache, and rules are then recursively applied to it. The
precise details of cache management are similar to those for
on-the-fly propositional model checkers [8, 13], so we omit
further discussion here.

To assess the performance of CWB-PRT, we ran it on
several examples taken from the literature and compared
the results with those from the most recent available ver-
sions of TReX-1.4 [9], HyTech-1.04f [19] and RED5.3 [32]
with both forward and backward analysis. (All these tools
solve the constraint-synthesis version of the problem: they
compute the most general constraints on parameters that
guarantee the property in question will hold. It is easy
to use these results to solve the universal problem, how-
ever.) The tool TReX [9] can deal with non-linear pa-
rameter constraints. It was implemented with PDBMs and
also supports the Omega Library as an external decision
procedure. Both HyTech [19] and RED [32] are tools
for linear hybrid automata, which are more general than
parametric timed automata. While HyTech-1.04f was im-
plemented with polyhedra as its data structures, RED5.3
was released with HRDs (Hybrid-Restriction Diagrams), a
BDD-like data structure, which is more compact and effi-
cient than PDBMs and polyhedra, see [32] for the experi-
mental results. Due to the absence of publicly available im-
plementations, other constraint-synthesis tools that areca-
pable of parametric analysis, namely LPMC [26] and the
extension of UPPAAL for linear parametric model check-
ing [21], are not considered here; see [16] for the perfor-
mance reports.

The experimental platform used was an Intel Pentium IV
2.8GHz with 2GB memory running Linux. The systems are
listed below together with different constraints over param-
eters. Note that for any parameter valuation that satisfies
condition (a), the model-checking problem is unsuccessful,
while successful under condition (b); condition (c) is the
mixed case, i.e. some parameter valuations make the prob-
lem successful, others unsuccessful.

1. Fischer’s timed Mutual Exclusion (MUX)[3, 32].
There aren processes trying to access a critical sec-
tion. Initially each process is idle, but at any time it
may begin executing the protocol provided the value of
a global variablep is0. It then delays for up to∆B sec-
onds before assigning its identifier top. It may enter
the critical section within∆C seconds providedp still
equal to its identifier. It reinitializesp to0 upon leaving
the critical section. We verify that at any time, no more
than one process is in its critical section, when (a).
∆B >= ∆C ; (b). ∆B < ∆C ; (c). ∆B > 0,∆C > 0.

2. Nuclear reactor controller (REACTOR)[7, 32]. The
goal of the system is to maintain the reactor temper-
ature between a minimal threshold L and a maximal

threshold U by inserting control rods. A rod must stay
outside for at least T time units after it is removed.
We verify that whenever the temperature reaches U,
one of the rods can be put in, with condition (a).
T >= 16+ (m− 1) ∗ 21; (b). T < 16+ (m− 1) ∗ 21;
(c). T >= (m − 1) ∗ 21, wherem is the number of
rods in the system.

3. Generic Railroad Crossing (GRC). We use the real-
time version of the protocol adapted from [32]. A
system operates a gate at a railroad crossing. The rail-
road crossingI lies in a region of interestR. A set of
trains travel throughR on multiple tracks in both di-
rections. A constant parameterδ is used to determine
the controller actions. The safety property is to ensure
the system will not enter an unsafe state where a train
is in the crossing but the crossing gate is not down. We
check with (a).δ > 20; (b). δ <= 20; (c). δ > 10.

4. CSMA/CD benchmark[32, 34]. This is the Ethernet
bus arbitration protocol with the idea of collision-and-
retry. A typical worst case round trip propagation isδ
time units, and it needσ time units to detect a collision.
One safety property requires that at any moment, at
most one process is in the transmission mode for no
less thanδ time units. We check (a).δ <= σ; (b).
δ > 52, σ <= 26; (c) δ > 52, σ > 0.

One of the motivations for on-the-fly model checking is
that bugs can be caught much more quickly than with global
approaches since computation can be short-circuited when
errors are found. We tested this hypothesis with buggy con-
ditions (a) and (c) over parameters and collected compara-
tive performance data for the model checkers in question.
These figures in Table 1 and Table 2 indicate that CWB-
PRT significantly outperforms the other tools in this case.
We conjecture that CWB-PRT’s superior performance here
is due to the combined forward / backward analysis of our
algorithm. The logical infrastructure of our algorithm is
useful to detect errors quickly while most of other tools are
must compute a fixpoint before finding errors.

An often-mentioned criticism of on-the-fly model check-
ing is that when system specifications and formulas are
both correct, these algorithms perform very poorly. To test
the validity of this statement, we ran CWB-PRT on all (b)
properties for these case studies. The performance figures
are given in Table 3 and tend to refute the assertion just
given. Specifically, it can be seen that CWB-PRT generally
outperforms TReX-1.4 and HyTech-1.04f. RED-5.3 gen-
erally outperforms CWB-PRT on these examples, although
it should be noted that while TReX [34] was implemented
with PDBMs, as CWB-PRT is, HyTech [11] use polyhe-
dra and RED5.3 HRDs [32]. Since data structures have
been one of the key challenges for efficient real-time model



Table 1. Performance data with (a) conditions. The numbers i n the names of the systems refer to the
numbers of processes in the models. Times represent CPU time in seconds, “O/M” means “out-of-
memory”, or “does not finish in two hours” . “N/A” means “not av ailable” (especially for TReX-1.4, a
segmentation fault occurs).

CWB-PRT TReX1.4 HyTech1.04f RED5.3
fw bw fw bw fw bw

GRC-5-a 0.04s O/M O/M O/M O/M 334.26s O/M
GRC-6-a 0.07s O/M O/M O/M O/M 5403.17s O/M
GRC-10-a 0.34s O/M O/M O/M O/M O/M O/M
GRC-40-a 125.44s O/M O/M O/M O/M O/M O/M

MUX-4-a 0.06s O/M N/A O/M 56.09s 2.90s 3.22s
MUX-7-a 0.13s O/M N/A O/M O/M 363.76s 1190.26s
MUX-10-a 0.20s O/M N/A O/M O/M O/M O/M
MUX-70-a 6.69s O/M N/A O/M O/M O/M O/M

CSMACD-6-a 0.01s O/M O/M 1354.50s O/M 4.42s 48.68s
CSMACD-7-a 0.01s O/M O/M O/M O/M 33.35s O/M
CSMACD-10-a 0.03s O/M O/M O/M O/M O/M O/M
CSMACD-70-a 4.26s O/M O/M O/M O/M O/M O/M

REACTOR-5-a 0.07s O/M O/M 1.83s 3.14s 92.05s 15.07s
REACTOR-6-a 0.11s O/M O/M 16.79s 49.47s O/M 412.45s
REACTOR-7-a 0.19s O/M O/M O/M O/M O/M O/M
REACTOR-40-a 145.95s O/M O/M O/M O/M O/M O/M

Table 2. Performance data with (c) conditions.
CWB-PRT TReX1.4 HyTech1.04f RED5.3

fw bw fw bw fw bw
GRC-5-c 0.05s O/M O/M O/M O/M 338.45s O/M
GRC-6-c 0.07s O/M O/M O/M O/M 5598.72s O/M
GRC-10-c 0.34s O/M O/M O/M O/M O/M O/M
GRC-40-c 124.51s O/M O/M O/M O/M O/M O/M

MUX-4-c 0.08s O/M N/A O/M 56.78s 23.61s 3.36s
MUX-5-c 0.13s O/M N/A O/M O/M 818.26s 29.22s
MUX-10-c 0.26s O/M N/A O/M O/M O/M O/M
MUX-70-c 12.26s O/M N/A O/M O/M O/M O/M

CSMACD-4-c 0.01s O/M O/M 4.17s O/M 24.07s 2.05s
CSMACD-6-c 0.01s O/M O/M 775.62s O/M 3206.95s 36.88s
CSMACD-10-c 0.01s O/M O/M O/M O/M O/M O/M
CSMACD-70-c 2.20s O/M O/M O/M O/M O/M O/M

REACTOR-5-c 0.09s O/M O/M 4.32s 3.68s 207.31s 18.68s
REACTOR-6-c 0.14s O/M O/M 68.92s 41.04s O/M 389.22s
REACTOR-7-c 0.19s O/M O/M O/M O/M O/M O/M
REACTOR-40-c 144.91s O/M O/M O/M O/M O/M O/M



Table 3. Performance data with (b) conditions.
CWB-PRT TReX1.4 HyTech1.04f RED5.3

fw bw fw bw fw bw
GRC-2-b 2.24s 0.85s 0.50s 0.58s 1.35s 1.05s 0.31s
GRC-3-b 27.25s O/M O/M 22.75s 301.71s 2.75s 2.96s
GRC-4-b 271.52s O/M O/M O/M O/M 28.56s 5.47s
GRC-5-b 2263.06s O/M O/M O/M O/M 260.12s 54.66s

MUX-2-b 0.10s 0.08s N/A 0.10s 0.09s 0.10s 0.07s
MUX-3-b 2.72s 4.40s N/A 2.80s 2.86s 1.02s 0.45s
MUX-4-b 66.79s 648.32s N/A 217.85s 56.20s 23.79s 3.12s
MUX-5-b 2546.32s O/M N/A O/M O/M 865.44s 9.82s

CSMACD-2-b 0.59s O/M O/M 0.07s O/M 0.18s 0.18s
CSMACD-3-b 15.94s O/M O/M 0.39s O/M 1.76s 1.76s
CSMACD-4-b 310.70s O/M O/M 4.02s O/M 17.77s 2.07s
CSMACD-5-b 4019.83s O/M O/M 37.35s O/M 212.25s 8.75s

REACTOR-6-b 1.45s O/M O/M O/M 41.97s O/M 331.70s
REACTOR-10-b 6.63s O/M O/M O/M O/M O/M O/M
REACTOR-20-b 53.82s O/M O/M O/M O/M O/M O/M
REACTOR-30-b 186.99s O/M O/M O/M O/M O/M O/M

checking [31, 32], we conjecture that CWB-PRT would see
considerable performance improvement if we used a BDD-
like data structure in place of PDBMs (our prototype uses
PDBMs because of the ease of the implementation). Also,
CWB-PRT’s competitiveness does suggest that our proof-
search strategy, which combines forward (proof search) and
backward (sequent caching) analysis, offers performance
improvements over the “pure forward” or “pure backward”
strategies favored by these tools.

8. Conclusion

We have presented an on-the-fly algorithm for solving
the universal parametric real-time model-checking problem.
Experimental results demonstrate that our proof-theoretic
method significantly outperforms existing approaches for
systems containing errors, while exhibiting competitive be-
havior for systems that are correct. This fast error-detection
capability of our technique makes it especially interesting
for industrial design flows in which model checkers are used
“early and often” to detect design errors in an ongoing man-
ner.

Our algorithm works for parameter constraints taking the
form of finite sets on allowed values. We would like to in-
vestigate whether it also terminates with a more constraints
over parameters in the future. Studying the constraint syn-
thesis problem with our forward / backward approach would
also be very interesting.
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